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RESUME

Dans cette theése, nous présentons trois essais sur des tests de spécification des modéles
financiers. Notre objectif est de développer une procédure optimale adaptative pour
tester la spécification des modeles financiers basée sur les tests de Hong (1996) mo-
difiés. Avec cette procédure, les tests ont des propriétés optimales et ils détectent les
alternatives locales & la Pitman & un taux qui est proche de n=1/2.

Le premier essai propose une procédure optimale adaptative pour tester la dépendance
temporelle de forme inconnue basée sur les tests de Hong (1996) modifiés. Ces derniers
sont basés sur la distance entre I’estimateur non paramétrique de la densité spectrale
normalisée et celle provenant de la contrainte imposée par 'hypothése nulle. Ils se dis-
tinguent par la mesure de distance choisie, soit la norme quadratique, la métrique de
Helling ou encore le critere d’information de Kullback-Leibler. Sous I’hypothése nulle,
nos tests modifiés sont asymptotiquement distribués selon une loi N(0,1). Les avantages
des tests basés sur la procédure optimale adaptative en comparaison avec les tests de
Hong sont les suivants : (1) Le parametre du noyau n’est pas choisi de fagon arbitraire
mais est plutét déterminé par les données. (2) Les tests sont de type adaptatif & taux
optimaux dans le sens de Horowitz et Spokoiny (2001). (3) Ils détectent alternative &
la Pitman & un taux proche de n~'/2. Nos simulations montrent que les tests basés sur
notre procédure ont un niveau plus précis tout en étant plus puissants que les tests de
Box et Pierce (1970) (BP), de Ljung et Box (1978) (LB), les tests du multiplicateur de
Lagrange de Breusch (1978) et Goldfrey (1978) (LM) et les tests de Hong (1996).

Dans le deuxiéme essai, nous appliquons la procédure optimale proposée dans le pre-
mier afin de détecter les effets ARCH (hétéroscédasticité conditionnelle autorégressive)
et ACD (autorégressif de durée conditionnelle). Cette procédure permet de choisir le
parametre du noyau & partir des données et ainsi obtenir des tests avec des propriétés
optimales. A l’aide de simulations, nous montrons que notre procédure génere des tests
dont le niveau est exact et qui sont plus puissants que les tests LMV, BP, LB ainsi que
ceux de Hong pour tester les effets ARCH et ACD. Par la suite, on applique notre
procédure a certaines applications basées sur des données financiéres afin d’illustrer les
conclusions obtenues.

L’objectif du troisiéme essai est d’augmenter la puissance des tests basés sur la procédure
optimale adaptative présentés dans le premier en choisissant une bande de fréquence
pertinente pour la fonction de densité spectrale. Dans le premier essali, les tests basés sur
la procédure optimale pour détecter la dépendance temporelle sont basés sur 'estimateur
non paramétrique de la densité spectrale en utilisant la bande de fréquences entiere
[, 7]. L’idée principale est que la puissance des tests basés sur une fonction de densité



spectrale dépend de la position de son sommet. Notre premiere classe de statistiques
de tests en est une qui se concentre sur une bande de fréquences fixée et arbitraire.
Il est connu que quand le sommet du spectre se trouve a la fréquence zéro et que
la puissance spectrale est concentrée aux basses fréquences, les tests pour détecter la
dépendance temporelle aux basses fréquences sont probablement puissants mais dans le
cas ol le spectre a un sommet a une fréquence autre que zéro, la puissance des tests
est probablement faible. Nos simulations confirment cette intuition. Les deux derniéres
classes contiennent des tests de type supremum symétriques ou non-symétriques. Ils
consistent a choisir une bande de fréquences symétriques ou non-symétriques de telle
sorte que les statistiques sont maximisées. A Paide de simulations, nous trouvons que
les tests provenant des classes de type supremum sont plus puissants que ceux présentés
dans le premier essai.

Mots-clés : Econométrie, finance, modele, séries temporelles.



ABSTRACT

In this thesis, we present three essays on specification tests for financial models. Our
objective is to develop a data-driven rate-optimal procedure for testing the specification
of the financial models based on modified Hong tests (1996). With this procedure, the
tests have minimax properties and they detect Pitman’s local alternatives with a rate
that can be arbitrarily close to n=1/2.

The first essay proposes a data-driven rate-optimal procedure for testing serial correla-
tion of unknown form based on modified Hong tests (1996). The latter are based on a
comparison between a normalized kernel-based spectral density estimator and the null
normalised spectral density, using respectively a quadratic norm, the Hellinger metric,
and the Kullback-Leibler information criterion. Under the null hypothesis, the distribu-
tions of the tests based on our optimal procedure are asymptotically standard normal.
The advantages of the tests based on our procedure are that : (1) the choice of the
parameter of the kernel is not arbitrary but data-driven; (2) the tests are adaptive and
rate-optimal in the sense of Horowitz and Spokoiny (2001) ; (3) the tests detect Pitman’s
local alternatives with a rate that can be arbitrarily close to n~Y/2. By simulations, we
find that the tests based on a data-driven rate-optimal procedure have accurate levels
and are more powerful than the Box and Pierce (1970) (BP) test, the Ljung and Box
(1978) (LB) test, the Breusch (1978), the Goldfrey (1978) Lagrange multiplier (LM)
tests and Hong’s (1996) tests.

In the second essay, we apply the data-driven rate-optimal procedure proposed in the
first, essay for detecting ARCH (autoregréssive conditional heteroscedasticity) and ACD
(autoregressive conditional duration) effects. This procedure allows to choose the kernel
parameter from data and yields optimal tests. A simulation study shows that our pro-
cedure has accurate levels and that it renders the tests more powerful than the LM, BP,
LB and Hong’s tests for testing ARCH and ACD effects. This conclusion is illustrated
by some applications for stock market data.

The objective of the last essay is to augment the power of the tests based on the optimal
procedure presented in the first essay by choosing a relevant frequency band for the
spectral density function. In the first essay, the tests with the optimal procedure for serial
correlation are based on a kernel spectral density estimator using the whole frequency
band [—m,n]. The main idea is that the power of the test based on a spectral density
function depends on the location of its peak. Our first class of statistical tests is one
concentrating on a fixed arbitrary frequency band. It is well known that when the peak of
the spectrum is located at zero frequency and most of the power of the series is located
at low frequencies, the tests designed to detect serial correlation at low frequencies



Xii

(tests for low frequencies) are probably powerful, but in the case where the spectrum
has a peak at non-zero frequencies, the power of the tests at low frequencies is probably
weak. Our simulation confirms this intuition. The two last classes of tests are symmetric
and non-symmetric supremum statistical tests which allow to choose a symmetric (non-
symmetric) frequency band to maximize the statistics. Through simulations, we find that
these classes of supremum statistical tests are more powerful than the tests presented
in the first essay.



INTRODUCTION

La spécification d’un modele est une étape importante pour I’estimation d’un modele
économétrique. Si le modele est mal spécifié, 'estimateur sera biaisé ou imprécis et
les tests sur les paramétres d’intérét seront invalides. Malheureusement, une mauvaise
spécification est chose courante dans la pratique. Pour les modéles de séries temporelles
en macroéconomie et en finance, ces erreurs de spécification peuvent donner lieu & une
dépendance temporelle des résidus ou & des effets d’hétéroscédasticité conditionnelle
autorégressive (ARCH) et d’autorégressif de durée conditionnelle (ACD). Il est donc

important de détecter ces derniéres lorsqu’on spécifie un modele.

L’autocorrélation des résidus peut donc résulter d’une mauvaise spécification du modéle.
Ce probleme de spécification peut provenir de 'omission d’une ou plusieurs variables
explicatives pertinentes, un ordre insuffisant de retards des variables dépendantes ou
indépendantes, ou une transformation non-pertinente des variables. Il est donc impor-
tant de tester si les résidus du modeéle ou une transformation de ces résidus présentent

de la dépendance temporelle.

Par exemple, négliger I'effet ARCH peut entrainer une large perte d’efficience asymp-
totique (Engle 1982) et conduire trop souvent au rejet de la dépendance temporelle
(Taylor 1984). Il peut aussi entrainer une sur-parametrisation du modele ARMA (Weiss
1984). En pratique, on trouve que la plupart des modéles économétriques financiers sont
caractérisés par des effets ARCH. Il importe donc d’en tenir compte pour éviter une

mauvaise spécification.

Aujourd’hui, la capacité des ordinateurs et des logiciels augmente trés vite et ceci permet
de collecter et d’analyser les données & une fréquence plus élevée. Les données de tran-
saction arrivent & des intervalles irréguliers mais les techniques économétriques standard

sont basées sur des analyses avec un intervalle de temps fixé. Les économeétres semblent



donc avoir 'inclination naturelle & agréger les données de transaction & des intervalle de
temps fixé. Si un court intervalle de temps est choisi, il peut exister plusieurs intervalles
qui ne contiennent pas d’informations pertinentes, produisant ainsi une certaine forme
d’hétéroscédasticité conditionnelle dans les données. D’autre part, si un long intervalle
est choisi, les caractéristiques de la structure micro des observations peuvent étre per-
dues. Les modeles de durée ACD proposés par Engle et Russell (1998) ont été largement
utilisés pour modéliser des données financiers arrivant & des intervalles irréguliers. Lors
de la modélisation économétrique de données de transactions, il est donc important de

tester pour ces effets ACD (’duration clustering’).

Les tests portant sur les effets ARCH et ACD sont en fait, des tests de dépendance
temporelle d’une série. Donc, dans ces cas, I’objectif revient a tester I'autocorrélation
d’un processus ¥, t = 1,...,n. La fonction d’autocorrélation d’ordre j du processus peut
s’écrire :

p(7) = R()/R(0), (j = 0, £1,£2, ..., £(n — 1)), (0.0.1)

ou R(j) est covariance d’ordre j de y;. L'hypothése nulle d’absence de dépendance tem-

porelle pour un tel test s’écrit alors :

Hy :p(3) =0, pour tous j

H, :p(7)# 0 pour un certain j.

En pratique, les tests de Box et Pierce (1970) (BP), et sa correction en petit échantillon
proposée par Ljung et Box (1978) (LB), les tests du multiplicateur de Lagrange de
Breusch (1978) et Godfrey (1978) (LM) et les tests de Hong (1996) dans le domaine des
fréquences permettent un diagnostic sur la spécification du modeéle en recherchant la
présence éventuelle d’autocorrélations des erreurs, d’effets ARCH et/ou d’effets ACD.
Les tests BP, LB et LM comportent néanmoins d’importantes lacunes limitant ainsi leur
puissance respective. Premiérement, le recours a ces tests nécessite que soit spécifiée une
hypothese alternative comportant un choix dans le nombre de parametres & estimer pour

construire les statistiques du test. La performance de ces tests est donc tributaire de



ce choix. Appelons ce nombre de parameétre choisi m. En particulier, on trouve que
la puissance des tests est plus élevée pour un choix de m petit mais le niveau des
tests est meilleur pour un m grand. Deuxiémement, dans le cas des statistiques BP
et LB, lorsque la matrice des variables explicatives contient des retards des variables
dépendantes, ces statistiques ne suivent pas une loi standard. De plus, les statistiques
BP, LB et LM ponderent d’un poids égal toutes les autocorrélations jusqu’a l'ordre
m alors qu'il s’avére vraisemblement plus efficace de mettre un poids plus important
aux autocorrélations d’un ordre plus faible. Les statistiques proposées par Hong (1996)
ont été introduites pour palier & ces lacunes. Les tests s’inspirent de 1'idée que sous
I'hypothése nulle d’absence d’autocorrélation des erreurs, la fonction de densité spec-
trale normalisée est égale & une constante 1/(27) pour toutes fréquences. Ainsi, si la
distance entre la fonction de densité spectrale normalisée f de la série du modele et
fo la densité spectrale sous la nulle d’absence de corrélation est suffisamment grande,
les résidus sont alors autocorrelés. Afin de mesurer cette distance, Hong a utilisé trois
métriques : la norme quadratique, la métrique Hellinger, et le critére d’information de
Kullback - Leibler. Les statistiques proposées par Hong sont basées sur un estimateur
non paramétrique a noyau. Par exemple, Hong a montré que la statistique évaluée avec
une norme quadratique et un noyau tronqué mettant un poids égal sur toutes les au-
tocorrélations d’ordre 1 & m correspond aux statistiques BP, LB et LM. Cependant,
des noyaux permettant de mettre un poids plus grand sur les informations plus récentes
permettent une augmentation de la puissance des tests. A I'aide d’expériences de Monte-
Carlo, Hong a montré que des statistiques basées sur de tels noyaux sont plus puissantes
que les statistiques de test BP, LB et LM. Par la suite, Hong et Shahadeh (1999) ap-
pliquent la statistique reposant sur une norme quadratique pour détecter des effets de
type ARCH. Toujours & I'aide d’expériences de Monte-Carlo, ces deux auteurs montrent
que ce test est plus puissant que les tests BP, LB et LM pour des alternatives de type
ARCH. De facon similaire, Duchesne et Pacurar (2003) appliquent les statistiques de
Hong (1996) pour détecter des effets ACD et montrent & I'aide de simulations que ces

tests sont également plus puissants que les tests BP, LB et LM. Cependant, comme



pour les tests BP, LB, LM, il existe un arbitrage entre la puissance et le niveau des tests
pour le choix de m pour les statistiques proposées par Hong. La puissance des tests est
plus élevée pour un petit m mais leur niveau est meilleur pour un grand m. Il n’existe
malheureusement pas de fagon optimale de choisir ce parameétre. Dans la pratique, ces
tests sont appliqués pour plusieurs valeurs de ce parameétre et la regle de décision est
de rejeter '’hypothése nulle si une des statistiques est plus grande que la valeur cri-
tique standard. La probabilité de commettre une erreur de type I est alors beaucoup
plus élevée que le niveau d’une statistique individuelle avec une telle pratique, ce qui a
amené Hong & suggérer le recours a la procédure de Beltrdo et Bloomfield (1987) pour
la sélection de ce parametre. Cette procédure est théoriquement valide pour des fins

d’estimation et ne répond & aucun critére d’optimalité pour des fins de tests.

Dans cette thése, nous voulons introduire une procédure du choix de parameétre du
noyau basée sur un critere d’optimalité minimax. Un test est dit qu’il a des propriétés
optimales minimax s’il satisfait deux conditions suivantes (a) La probabilité d’erreur de
type II est la plus petite parmi celles des différents tests d’une certaine classe; (b) Le
risque (la somme d’erreur de type I et II) est le plus petit parmi celui des tests de cette
classe. Ces deux conditions ont pour conséquence que le test est alors convergent & un

taux qui est le plus élevé parmi les tests.

Nous présénterons ci-dessous le concept du critére d’optimalité minimax en détail. Nous
introduisons certaines notations pour la suite. Définissons une famille d’expériences sta-
tistiques (x¢, A : Peg, 0 € ©) ol (¢, Ac) est un espace mesurable. P, g sont des mesures
de probabilité sur (., A¢) oU € est un parameétre asymptotique qui tend vers ¢q, et © est
de dimension infinie (un ensemble de parameétres 'non paramétrique’). L’hypothése nulle
est spécifiée par un point 6y € © et 'alternative par un ensemble @, € O. Nous nous
intéressons & un ensemble des alternative_s qui sont obtenus pour certains voisinages U,

de 90 de ©.

On appelle un test une application de (¢, 4¢) dans ([0,1], B) : ¥¢ : (xe, Ac) — ([0, 1], B).

La probabilité d’erreur de type I est alors définie comme étant a(v.) = o (1, 0) =



Ee g,%e, ou E¢ g est I'espérance par rapport P g et la probabilité d’erreur de type II est
définie comme une fonction O, Be(¥e, 0) = E 9(1 — 1), 6 € O,. Les propriétés minimax

d’un test 1), sont caractérisées par le niveau (1)) et

Be(e) = Be(e,©c) = Supeeeeﬁe(lﬁ, 0) _ (0.0.2)

ou par leur somme

Ye(We) = Ye(te; 00, Oc) = e(e) + Be(2be). (0.0.3)

Le critére de choix minimax est caractérisé par la probabilité minimax d’erreur de type
II, c.a.d
ﬁe<a) = [36(&, fo, 66) = anﬁ((¢6)>0 < ﬁ€<a) <l-o (004)

ou I'infimum est retenu sur tous les tests tel que a(¢e) < a € (0,1) (le probleme de

Neyman-Pearson) ou par le risque minimax

Ye = 76(90>@e) = Z:nf’Yew}e): 0 < <1, (0.0.5)

ou 'infimum est retenu sur tous les tests. L'équation (0.0.4) nous dit que la probabi-
lité minimax d’erreur de type II est la plus petite parmi celles des tests de la classe
considérée. De méme, le risque minimax est le risque minimum parmi celui des tests.
Les tests qui minimisent (0.0.4) et (0.0.5) s’appellent ‘minimax’. Le probléme est de
déterminer B¢(a), 7. afin de construire des tests selon un critere minimax. De fagon
asymptotique, ce probléme revient & déterminer la probabilité minimax d’erreur G(«)
ou la risque 7y, lorsque € — €g et pour dériver les tests minimax asymptotiques ¥, o ou

Y pour que ae(¢e,a> <a+ 0(1)7 /36(1/}6,&) = ﬁe(a) + 0<1) ou 75(1/}5) =Y+ 0(1) lorsque

€ — €.

Nous voulons également étudier la dépendance des caractéristiques minimax sur un en-
semble des alternatives qui sont obtenus pour certains voisinages U, de 0y dans ©.
Prenons un exemple simple. Soit la fonction de densité de forme inconnue f d’un
échantillon aléatoire. Notons par (X, A, P), I'espace de probabilité qui a (Xy,Ay) =

(X, A)V. La classe de densités de toutes les probabilités sur (X, A) respectant P est



LT ¢ Ly(X, A, P). L’ensemble de parametre © est un sous ensemble F' de L%, i.e la
densité f est prise au parametre et Py = PfN ou Pf est la mesure sur (X, A) avec la
densité f qui respecte P. L’hypothése nulle est que f = fo = 1. La classe p. est définie
comme la mesure de toutes les probabilités sur (X, Ac) qui est dotée de la distance-L;
var(P, Q) = 2sup {|P(A) — Q(A)|; A € A¢}. Supposons que © est doté d’une topologie
tel que des applications ©® — P, déterminées par la paramétrisation § — Py sont
continues. Si #y est inclu dans des proches voisinages de O, 'alternative ne sera pas
différenciée de I’hypotheése nulle dans le sens 'minimax’ : fe(a) =1 — a,v = 1 et les
tests triviaux 9, = o sont minimax. Nous définissons donc un ensemble de voisinages

sphériques qui permet de bien distinguer entre 'hypotheése nulle et ses voisinages :

Uv={feF: Hf—f0||2<,0/v}, (0.0.6)

ol || . ||, est une norme Ly et fy = 1. Une alternative simple du test est H, : f =1+
N7Y2p Inllo, < c0. Dans ce cas, nous avens les résultats (voir Ibragimov et Khasminskii

(1981)) quand N tend vers 'infini :

Bn(a)

o= 2%(=Inlly /2 + o(1).

@(Te = [Inllp) + o(1)

La classe des voisinages de ’hypothese nulle plus générale est

UN:{f€F1 ||f—f0||p<pN} avec 1 < p < o0.

Le taux le plus élevé auquel py pourrait approcher zéro en satisfaisant (0.0.4) et
(0.0.5) s’appelle le taux minimax (ou optimal) du test. Ainsi, le test est optimal s’il
est convergent contre I’alternative générale a un taux le plus élevé parmi celui des tests

dans la classe considérée.

A part des critéres d’optimalité, nous voulons aussi que la procédure de choix du pa-
rametre de noyau permet 2 des tests de détecter d’alternatives locales & la Pitman.
Dans l'optique de Pitman, on compare les tests pour une suite d’alternatives locales.

Considérons un exemple simple. Désignons par Y;,,n € NV,i € 1,...,n une telle suite.



On suppose pour chaque valeur de n, les variables Y; ;, indépendantes, de méme loi, de
moyenne my, et de variance 0721. La moyenne empirique de Y; , est ¥; , = 1/n3 i Yin.
Nous voulons tester si la moyenne de Y; . est égale & mg. Par le théoréme central limite,

sous ’hypothese nulle, nous avons la convergence en loi :
Vn(Yn — mg) < N(0,0?%) quand n tend vers l'infini.

Définissons une suite d’alternatives locales Hg,, : {m, = mo + u//n} ol p est une
constante. Lorsque n tend vers I'infini, m, tend vers my. Sous I'hypothése alternative,

nous avons alors :
V¥, — me) 5 N(u,0%) quand n tend vers V'infini.
Le test détecte une alternative locale ’'a la Pitman’ si

EnmP(Ho est rejetee contre Hyp) = 1. (0.0.7)

n

Ainsi, le test est convergent contre ce type d’alternatives locales.

Dans cette these, nous dérivons une procédure optimale adaptative du choix du pa-
rameétre de noyau pour les tests détectant la dépendance temporelle, les effets ARCH
et les effets ACD et aussi une procédure pour le choix de la bande de fréquences de la
fonction de densité spectrale. La procédure adaptative est basée sur les tests de Hong
(1996) modifiés. Les derniers sont basés sur la distance entre la fonction de densité
spectrale normalisée de la série et celle sous ’hypothése nulle. La fonction de densité
spectrale normalisée de la série y; est la suivante :

n+1

flw) = (2m)™! Z p(7)cos(wj) with w € [—m, 7], (0.0.8)
j=—n+1

ou p(7) est autocorrélation d’ordre j. Sous ’hypothése nulle d’absence de dépendance
temporelle, f(w) = fo(w) = 1/(27). La statistique du test est basée sur la distance entre
f(w) et fwo). Si cette distance est sufisamment large, on rejette I’hypothese nulle. Nous

nous intéressons & construire des tests d’hypothése avec un critere d’optimalité minimax.



Nous nous intéressons donc aux alternatives qui sont aux voisinages de ’hypothése nulle.

Notons par é{w) la distance par rapport a ’hypothese nulle,

§(w) = f(w) = folw). (0.0.9)

Pour définir I’hypothése alternative, I’approche minimax non paramétrique suppose que
la fonction f satisfait certaines conditions de lissage (Ingster (1982, 1984a, b, 1993)).
Plus précisément, la fonction f est supposée étre dans les classes de fonctions de lissage
comme Holder, Sobolev, or Besov. Nous considérons donc une déviation par rapport a
I’hypothése nulle qui est dans une certaine classe de lissage. Soit la classe de type Holder

et C(L,s), 'ensemble des fonctions telles que

C(L,s) = {6(-);|0{w1) — d{wa)| < Llwy — we|® pour tout w; € [—m,7],4 = 1,2 pour
s € (0,1]},

C(L,s) = {46('); la dérivation partielle de |s|— iéme de §(-) sont dans C(L,s— [s]) pour
s > 1}. La classe de lissage C(L, s) est définie pour tout L > 0 et s > 0. L’alternative
nonparamétrique composée de la fonction f(w) est séparée de zéro et supposée dans la

norme Ly. Nous considérons donc I’alternative suivante :

Hi(p L,5) = {60) = Ful) = fo():6a() € C(L, ), 5D > Cup?}

Le fondement minimax évalue les tests uniformément sur les alternatives a distance p de
I’hypotheése nulle avec 'indice de lissage (L, s). Le taux le plus élevé auquel p pourrait
approcher zéro en satisfaisant (0.0.4) et (0.0.5) s’appelle le taux minimax (ou optimal)
du test. Ce taux minimax de test pour les classes de fonctions Hélder, Sobolev ou Besov
qui ont des dérivées bornées de 'ordre s > d/4 est de n=25/(4s+24) (Ingster (1982, 1993a,
1993b, 1993c), Guerre et Lavergne (1999)). Ce résultat est obtenu avec différentes hy-
potheses sur les indices de lissage. Spokoiny (1996) considére le cas o aucune hypothése
est supposée sur les indices de lissage s. Ainsi, ces indices sont considérés inconnus. Dans
ce cas, le test optimal est dit 'test optimal adaptatif’ car le test ne suppose pas que s

est connu et s’adapte au s pertinent aux observations. Spokoiny a montré qu'un test



optimal adaptatif sans perte d’efficacité est impossible. Cette perte est caractérisée par
un facteur d’ordre log-log et le taux adaptatif optimal est donné par

_25
(\/ln In n) 4s+1

pn(s) = n

Ce taux est plus petit que le taux paramétrique de n~1/2.

Nous voulons aussi que les tests présentés dans cette theése détectent d’alternatives
locales & la Pitman. La forme de 1’alternative locale a la Pitman pour notre cas est la

suivante
fa(w) = fo(w) + ang(w), (0.0.10)

ou a, est un ensemble de nombres réels qui converge & zéro lorsque n tend vers 'infini.

Le test détecte donc une alternative locale & la Pitman si

n@w P(H)j est rejete contre f2) = 1. (0.0.11)
L'objectif de cette these est de dériver une procédure optimale adaptative pour détecter
la dépendance temporelle, les effets ARCH, et les effets ACD. Cette procédure permet de
choisir le parametre du noyau de fagon optimale selon les données. En plus, les tests basés
sur cette procédure ont des propriétés optimales minimax et ils détectent d’alternatives
locales & la Pitman. Nous proposons également dans cette thése une procédure du choix

des bandes de fréquences pour la fonction de densité spectrale.

Cette these comprend trois essais. Dans le premier essai, nous dérivons une procédure op-
timale adaptative basée sur les tests de Hong (1996) modifiés pour détecter la dépendance
temporelle des résidus de forme inconnue. L’objectif est de tester ’hypothése nulle contre
une classe d’alternatives aussi large que possible. C’est la raison pour laquelle nous ne
supposons aucune structure paramétrique pour I'alternative et ceci nous améne donc &
des tests de type nonparamétrique. En particulier, la distribution des tests sous I’hy-
pothése nulle ne change pas quand les régresseurs comprennent aussi les retards des
variables dépendantes et les tests sont valides sans nécessiter que soit spécifiée une al-

ternative. De plus, les statistiques proposées sont normalisées par la variance minimale
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et ceci rend les tests plus puissants. Les avantages des tests basés sur la procédure op-
timale adaptative en comparaison avec les tests développés par Hong (1996) sont les
suivants : (1) Le parametre de noyau est choisi & partir des données et non de fagon
arbitraire. Ce choix est basé sur un critére spécifiquement choisi pour des fins de tests
et non d’estimation rendant aussi le test plus robuste et plus puissant. (2) Les tests sont
de type adaptatifs & taux optimaux dans le sens de Horowitz et Spokoiny (2001). (3)

Les tests détectent 'alternative & la Pittman & un taux proche de n!/2

. Par simulation,
nous montrons que les tests basés sur la procédure optimale adaptative ont une taille
adéquate sous I’hypothése nulle et tout en étant plus puissants que les tests BP, LB et

Hong pour la dépendance temporelle des erreurs.

Dans le deuxiéme essai, nous appliquons la procédure optimale adaptative pour les
tests pour les effets ARCH et les effets ACD. S’agissant des effets ARCH, par simu-
lations, nous constatons que les tests basés sur la procédure optimale adaptative ont
une taille précise au niveau de 5% et qu’ils sont plus puissants que les autres tests pour
les alternatives ARCH(1) et GARCH (1.1). Une application de ces tests sur un modele
ARIMA pour le rendement quotidien de IBM, GM et S&P montre une forte évidence
de l'existence d’effets ARCH dans ces modeles. Nous constatons que nos statistiques
sont plus élevées que celles des autres tests et la probabilité de rejeter I'hypothése nulle
d’absence d’effets ARCH est donc plus élevée. Quant aux effets ACD, les tests basés
sur notre procédure optimale adaptative montrent un petit sur-rejet & 5% tout comme
les tests de Hong. Quand I’échantillon est plus grand, la taille des tests est meilleure.
Sous l'alternative ACD(1), ACD(2), ACD(1,1), les tests basés sur la procédure optimale
adaptative sont beaucoup plus puissants que les autres tests. Une application pour les
données de durée d'IBM est effectuée. Nous rejetons fortement I’hypothése nulle d’effets
ACD pour tous les cas et nous constatons que les nouvelles statistiques sont toujours

beaucoup plus élevées que les statistiques de Hong.

L’objectif du troisieme essai est d’augmenter la puissance des tests de dépendance tem-

porelle, et d’effets ARCH et ACD en choisissant une bande de fréquence appropriée
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de la densité spectrale pour la construction de la statistique. Une grande partie de la
surface de la densité spectrale peut se trouver a la fréquence zéro ou se trouver aux des
fréquences du cycle économique. Dans le premier cas, si ’essentiel de la variance est im-
putable & des mouvements de basse fréquence, la densité spectrale est alors concentrée
aux basses fréquences. Un test se concentrant sur ces fréquences peut alors étre plus
puissant. Duchesne et Pacurar (2003) proposent un test pour les effets ACD basé sur
les tests de Hong évalués a la fréquence zéro. A Daide d’expériences de Monte-Carlo, ils
ont constaté que le test évalué a la fréquence zéro est moins puissant que celui basé sur
la bande compléte [—m, 7]. Ce résultat n’est pas surprenant car il est maintenant bien
établi dans la littérature qu’avec 'estimateur de la fonction de densité spectrale a la
fréquence zéro, 'estimateur convergent de la variance en présence d’hétéroscédasticité et
de la dépendance temporelle est mal traité. Lorsque la densité spectrale est concentrée
aux fréquences cycliques, le poids de la variance autour de la fréquence zéro est plus
faible et les statistiques de test basés sur ces basses fréquences auront donc une puis-
sance plus faible. La puissance de test dépend donc de la localisation du sommet de
la densité spectrale. Dans cet essai, nous dérivons trois classes de statistiques de tests.
La premiére classe de statistiques est basée sur la statistique proposée dans le premier
chapitre mais les statistiques sont calculées en utilisant une bande de fréquence fixe
symétrique autour de zéro. Ce genre de statistique se heurte cependant au probléeme
du choix de la bande de fréquences. Si la fonction normalisée de densité spectrale a
son sommet 2 la fréquence zéro, les tests.reposant sur des basses fréquences seront plus
puissants que ceux reposant sur des hautes fréquences. A I'inverse, lorsque le sommet
de la fonction de densité spectrale se trouve aux fréquences du cycle économique, les
statistiques reposant sur des basses fréquences auront une puissance tres faible. En pra-
tique, la localisation du sommet de la densité spectrale est inconnue. Le critére de la
bande de fréquence sera un critére de type supremum. La premieére classe de statistiques
de type supremum est la classe de statisfiques qui choisissent une bande de fréquences
symétriques autour zéro de fagons maximiser la statistique. Si la fonction normalisée de

densité spectrale a son sommet & la fréquence zéro et une grande partie de la surface
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de la densité spectrale se trouve aux basses fréquences, cette statistique choisira donc
une bande de basses fréquences et le test sera plus puissant. Cependant, si le sommet
de la fonction de densité spectrale se trouve aux fréquences du cycle, cette statistique
ne permet pas de choisir une bande de fréquence dans laquelle la plupart de puissance
de la fonction de spectrale se trouve car cette bande n’est pas symétrique autour zéro.
Nous introduisons donc la deuxiéme classe de statistiques de test de type supremum
qui est basée sur la méme idée que la premiére sauf que la bande de fréquences choisie
n’est pas nécessairement symétrique autour zéro. La distribution de ces statistiques est
inconnue mais les valeurs critiques peuvent étre obtenues par des simulations Monte-
Carlo. A Paide de simulations, nous trouvons que les tests de type supremum sont
plus puissants pour détecter la dépendance temporelle que ceux appliquées sur ’en-
semble des fréquences dans la bande [—m,7]. Pour le cas ou le sommet du spectre de
la série se trouve & une fréquence non-zéro, les statistiques de tests de type supremum
non symétrique sont plus puissantes que les statistiques de test basées sur un choix de

bande de fréquences symétrique.
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CHAPTER I

A DATA-DRIVEN RATE-OPTIMAL PROCEDURE FOR TESTING
SERIAL CORRELATION

Abstract

This paper proposes a data-driven rate-optimal procedure for testing serial
correlation of unknown form based on the modified Hong’s tests (1996). These
tests are obtained by comparing a normalized kernel-based spectral density esti-
mator with the null normalized spectral density, using respectively a quadratic
norm, the Hellinger metric, and the Kullback-Leibler information criterion. Un-
der the null hypothesis, the asymptotic distributions of the tests based on our
procedure are asymptotically standard normal. The advantages of these tests
are that : (1) the choice of the pafameter of the kernel is not arbitrary but
data-driven; (2) the tests are adaptive and rate optimal in the sense of Horo-
witz and Spokoiny (2001); (3) the tests detect Pitman’s local alternatives with
a rate that can be arbitrarily close to n~1/2. A simulation study shows that
the tests based on the data-driven rate-optimal procedure have accurate levels

and that they are more powerful than the LM, BP, LB tests and Hong’s tests.
Key words : Rate optimal test, serial correlation, spectral estimation, strong

dependence.

1.1 Introduction

In this essay, we develop a data-driven rate-optimal procedure for testing serial corre-

lation of unknown form for the residual from a linear dynamic regression model. Unlike
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the Durbin and Watson (1950, 1951) test, or the Box and Pierce (BP) (1970) test, this
procedure is also valid for the model that includes both lagged dependent variables and
exogenous variables. Our procedure is based on the tests developed by Hong (1996).
They are obtained by comparing the kernel-based normalized spectral density with the
null normalized spectral density, using respectively a quadratic norm, the Hellinger me-
tric, and the Kullback-Leibler information criterion. However, the choice of the kernel
parameter in Hong’s tests is arbitrary. Obviously, the power of these tests depends on
this choice. With our optimal procedure, this parameter can be optimally chosen. Si-
milarly to Guerre and Lavergne (2004) and Guay and Guerre (2005), the data driven

choice of the kernel parameter relies on a specific criterion tailored for testing purposes.

Our goal is to test the null hypothesis against as large as possible a class of alter-
natives. That is the reason why we do not assume any special parametric structure
for the alternatives. This leads to considering a set of nonparametric alternatives. The
tests developed by Hong (1996) are therefore well suited to accomplish this purpose. In
particular, the distribution of the null of the considered tests remains invariant when
the regressors include lagged dependent variables and is valid without specifying any

alternative model.

The asymptotic power of a test of Hy is often investigated by deriving the asymptotic
probability that the test rejects Hy against a local alternative hypothesis whose distance
from the null hypothesis converges to zero as n , number of observations, goes to infinity.
This approach is the familiar Pitman’s local analysis. Here, we adopt a nonparametric
minimax approach (see Ingster 1993). This approach evaluates the power of a test
uniformly over a set of alternatives, called H)(p,,) that lie at a distance p,, from the null
hypothesis of no serial correlation and that belong to a class of smooth functions with
a smoothness index s. The optimal minimax rate is the fastest rate at which p, can
go to zero while a test can uniformly detect any alternative in H,(p,). Such a test is
called rate-optimal for a known smoothness parameter s. Our procedure is adaptive in

the sense that we consider the smoothness parameter s to be unknown and to depend
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on the data. The resulting statistical test is data-driven rate-optimal in the sense of the

minimax approach.

To select the smoothing parameter, Hong (1996) basically recommends to use the cross-
validation procedure of Beltrao and Bloomfield (1987) and Robinson (1991). However,
this criterion is tailored for estimation, not for testing purposes. In fact, there is no
optimal testing properties for such criterion. In particular, it does not yield adaptive

rate-optimal tests in the senses defined above.

Many adaptive rate-optimal procedures are based on the maximum approach, which
consists in choosing as a test statistic the maximum of the studentized statistics asso-
clated with a sequence of smoothing parameter. The approach is used in Horowitz and
Spokoiny (2001) to deal with the detection of misspecification for nonlinear model with

heteroscedastic errors.

We consider here a data-driven choice of the smoothing parameter in the line of a specific
criterion tailored for testing purposes as in Guerre and Lavergne (2004) and Guay and
Guerre (2005). This yields adaptive rate-optimal tests. Under the null hypothesis, the
procedure favors a baseline statistic distributed as N (0, 1). In contrast, in the maximum
approach, critical values diverge and must be evaluated by simulations for any sample
size. Moreover, the standardization used for the statistical test proposed in our procedure
is the one under the null hypothesis. This standardization increases the power of the

test at no cost under the null from the asymptotic point of view.

The tests based on the data-driven rate-optimal procedure have multiple advantages.
Firstly, the choice of the parameter of the kernel is not arbitrary but data-driven. Our
data-driven choice of this parameter relies on a specific criterion tailored for testing
purposes. In making this choice, the test gains robustness power, as well as adaptive
rate-optimal properties. Secondly, the tests are adaptive and rate-optimal in the sense
of Horowitz and Spokoiny (2001) and ﬁnélly the tests detect Pitman'’s local alternatives

with a rate that can be arbitrarily close to n~1/2.
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The rest of this essay includes five sections. Section 2 specifies the model. In section 3,
we present the data-driven rate-optimal procedure and its minimax properties. Section

4 covers Monte Carlo Evidence. And last is the conclusion.

1.2 Model specification

We consider a linear autoregressive distributed lag dynamic regression (AD) model :
(B, =C+ V(B X+ 4+ D(B) X + uy, (1.2.1)

where the o'/ (B) = Z;T;j() a[jBl are polynomials of order m; in lag operator B associa-
ted with the dependent variables Y; and the q exogenous variables X;;. C is a constant,
and wu; is an unobservable disturbance. The polynomial o9 (B) is assumed to have all
roots outside the unit circle, and is normalized by setting agp = 1. The X, is also assu-
med to be covariance stationary with E(X]Zt) < 0o. We note that ap = (0110, , mgo)’ s
aj = (a1j, -, amy) for j=1,2,3,---,q. Then a = (C,a, - -, af)is a }o1_g(m; +1)X1
vector consisting of all unknown coeflicients in (1.2.1). The model (1.2.1) can be esti-
mated by (e.g) the ordinary least squares (OLS) method. Any form of serial correlation
involves the inconsistency of the OLS estimator for o and, as a consequence, its co-
variance matrix. It is well known that the serial correlation of {u;} may occur due to
the misspecification of the model (1.2.1) such as omitting relevant variables, choosing
a too low lag order for Y; or the Xj;, or using inappropriate transformed variables.

Consequently, the hypothesis of interest is -
Hy:p(3) =0w.s. Hy: p(j) # 0 for some j # 0,
where p(j) is autocorrelation of residuals of order j.

Hong (1996) proposes three classes of consistent one-sided tests for serial correlation of
unknown form for the residual of model. (1.2.1). The tests are obtained by comparing
a kernel-based normalized spectral density with the null normalized spectral density,
using respectively a quadratic norm, the Hellinger metric, and the Kullback-Leiber

information criterion. Under the null hypothesis of no serial correlation, Hong’s three
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classes of statistics are asymptotically standard normal or equivalent. The well known
Box and Pierce (1970)(BP) test is a special case of Hong'’s tests. The BP test can be
viewed as a quadratic norm based test using truncated periodogram. Hong’s tests may
be more powerful than the latter because many other kernels deliver tests with better
power. In other words, in Hong’s tests,‘ the weight given to autocorrelation of order
j (p(j)) is close to unity (the maximum weight) when j is small relative to n; and the
larger j is, the less weight is put on p(j). In contrast, the Lagrange multiplier (LM)
test of Breusch (1978), Godfrey (1978), the BP (1970) test whose statistics are LM,
Qr respectively give equal weight to p(j). Intuitively, this might not be the optimal
weighting because for most stationary processes the autocorrelation decreases to zero
as the lag increases. This difference may be used to explain the power of Hong's test.
Moreover, the null distributions of Hong’s tests remain invariant when the regressors

include lagged dependent variables. The LM and BP statistics are the following :

Pn
Qr=T)Y 2, (1.2.2)

. =1
LM =nR? (1.2.3)

where R? issue from the regression MA or AR of the residuals. Unfortunately, there is
no optimal choice of p,, so investigators often do these tests with different values of p,
and reject the null hypothesis when the latter is rejected for some values of p,. This
method may affect the performance of these tests in the sense that type I error is not

controlled.

An earlier simulation study by Hong (1996) shows that his tests exhibit good power
against an AR(1) process and a fractionally integrated process. In particular, they have
higher power than the LM test as well as the BP and LB ones. However, like the LM
and BP tests, the power of Hong’s tests depends on the choice of the kernel parameter
and since there is no optimal choice of this parameter, the performance of the tests
may be affected by this choice. To select the smoothing parameters, Hong (1996) re-
commends to use in practice the cross-validation procedure of Beltrdo and Bloomfield

(1987) and Robinson (1991). However, this criterion is designed for estimation, not for
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testing purposes. In fact, there is no optimal testing properties for such a criterion. In
particular, it does not yield adaptive rate-optimal tests in the sense of Horowitz and

Spokoiny (2001).

For the choice of the kernel parameter, many adaptive rate-optimal procedures are based
on the maximum approach, which consists in choosing as a test statistic the maximum
of the studentized statistics associated with a sequence of smoothing parameter. The
approach is used in Horowitz and Spokoiny (2001) to deal with the detection of misspe-
cification for the nonlinear model with heteroscedastic errors. The disadvantage of this
approach is that the critical value diverges as n increases, consequently it is necessary

to simulate it for each sample size.

In the next section, we propose a data-driven rate-optimal procedure based on the
minimax approach. This optimal choice makes our tests more powerful and perform

better than standard tests.

1.3 Data-driven rate-optimal procedure for testing serial correlation

We suppose that {u;} is a stationary real-valued process with E(u;) = 0, autocovariance
function R(j), autocorrelation function p(j), and normalized spectral density function

+00

flw) = (2n)™! Z p(7)cos(wj) with w € [—m, 7] (1.3.4)

j=—00

Our hypothesis of interest is :
Hy: p(j)=0forall j#£ 0 v.s. Hy: p(j) # 0 for some j # 0.

The null hypothesis Hy is strictly equivalent to f(w) = fo(w) = 1/(27) for all we[—, 7].
Hong’s statistics are based on the difference between f(w) and fo(w). If this difference is
large enough, the null hypothesis will be rejected. Let D(f1, f2) be a divergent measure
for two spectral densities fi, fo such that D(f1, f2) > 0 and D(f1, fo) = 0 if and only if
f1 = f2. Consistent tests can then be based on D(fn; fo) where fn is a kernel estimator

of f. The following examples of D are used for measuring the divergence of f from fq :
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Quadratic norm :
afifo = |2 [

the Hellinger metric :

1/2
(f(w) - fo<w>>2dw] , (13.5)

™

™

1/2
Hfsdo) = [2m [ (1) - 32 )Pan) (1.36)

-

and the Kullback-Leibler information criterion :

1(f; fo) = — /Q U fo() e (1.3.7)

where Q(f) = {w € [-m,x]; f(w) > 0}. These measures are intuitively appealing and
have their own merits. The quadratic norm delivers a computationally convenient sta-
tistic that is simply a weighted average of squared sample autocorrelations with the
weights depending on the kernel. The Box and Pierce statistic can be viewed as based
on Q(fn, fo) with fa being a truncated periodogram. The metric H(f; fo) is a quadra-
tic norm between f1/2 and fé/Q. Unlike' Q(f; fo), which gives the same weight to the
difference between f and fy whether the smaller of the two is large or small, H(f; fo) is
relatively robust to outliers and is thus particularly suitable for contaminated data (cf.
Pitman (1979)). Finally, entropy-based tests have an appealing information-theoretic

interpretation.

Since f(w) is unobservable, we need to estimate it. Let & be an estimator of «. Then the

residual of (1.2.1) is :

iy = & (B)y, — & — aW(B) Xy, — - a9(B) Xy (1.3.8)
So B
flw)y=0mn™ > pli)eos(w)), (1.3.9)
j=—(n—1)

with (j) = R(j)/R(0) and R(j) = n~! 2 i=j|+1 Gty A kernel estimator of f(w) is
given by :
n—1
flwy=@m™ 30 k(i/pa)b(5)cos(ws), (1.3.10)

j=—n+1

where the bandwidth parameter p, is an integer and p, — o0, p,/n — 0 when n — co.

Like Hong (1996), the following conditions are imposed :
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Assumption 1.3.1 k£ :R — [-1,1] is a symmetric function that is continuous at zero

and at all but a finite number of points, with k(0)=1 and [*°_k*(z)dz < oo

The conditions that k(0)=1 and k is continuous at 0 imply that for j small relative to
n, the weight given to p(j) is close to unity (the maximum weight) and the higher j is,
the less weight is put on p(j). This is reasonable because for most stationary processes,
the autorocorrelation decays to zero as the lag increases. The assumption 1.3.1 includes
the Barlett, Daniell, general Tukey, and Parzen, Quadratic-Spectral (QS) and truncated
kernels (e.g. Priestley (1981, p.441)). Among them, the Barlett, general Tukey are of
compact support, i.e. k(z)=0 for |z| > 1. For these kernels, p, is called the "the lag
truncation number”, because the lags of order j > p, receive zero weight. In contrast,
the Daniel and QS kernels are of unbounded support ; here p is not a “truncated point”,

but determines the “degree of smoothing” for fn

Hong (1996) proposes the standardized versions of QQ(fn, fo), Hz(fn, fo), I(fn, fo):

Min = ((1/2)nQ* (fn; fo) — Cn(k))/(2Dn(k))"/?

n—1
= (n > K /pn) A% (3) - On(k)) /(2Dy (k)2 (1.3.11)
=l .
Moy, = (2nH?(f,, fo) = Cu(k)) /2Dy (k)2 (1.3.12)
M3y, = (01 (fa, fo) — C(k))/(2Dy (k))"/? (1.3.13)

where Cn(k) = 721 (1= j/n)k>(7/pa), Dn(k) = 32520 (1= j/n)(1 = (5 +1)/n)k*(§ /ps).-
For (1.3.12) and (1.3.13), we impose the following additional condition on k :

Assumption 1.3.2

m 00 .
/ |k(2)|dz < 0o and K(A) = (1/27r)/ k(z)e™*dz > 0 for A € (—o0, 00).
—r —00

This absolute integrability of k ensures that its Fourier transform K exists. Assumptions
1.3.1, 1.3.2 includes the Barlett, Daniel, Parzen, and QS kernels, but rules out the

truncated and general Tukey kernels.
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Under some regularity conditions, these statistics are asymptotically standard normal.
If the kernel is a truncated kernel, the M, is a standardized version of the BP statistic.
Since many kernels work better than the truncated kernel, Hong’s tests may be more

powerful.

Given p, — oo and p,/n — 0, we have p;'D,(k) — D(k) = [5° ka(z)dz. Thus, we
can replace Dy (k) by p,D(k) without affecting the asymptotic distribution of M,.
Under some additional conditions on k and/ or p, (see Robinson (1994, p.73)), we have
2 Ch(k) = C(k) + o(p;1/2), where C'(k) = [;° k?(z)dz. So in this case Cy(k) can be
replaced by p,C(k). A more compact expression of My, will be

My, = [nni k(3 /Pa)p*(5) —~ paC (k)| /(2paD(K))"/2. (1.3.14)

When k is a truncated kernel, i.e. k(2) = 1 for |z| < 1 and 0 for |z|, we obtain the

following

M{, = (nip‘Q(j) —:on) /(2pa)*?, (1.3.15)

j=1
a generalized BP test when p, converges to infinity. On one hand, the M, is valid for
the case in which the regressors include lags of independent variables. On the other
hand, there are many other kernels which give the maximum weight (unity) to p(7)
for small j and reduced weight to higher j whereas the truncated kernel puts the same
weight on p?(j). Consequently, the M), statistic may be more powerful than the BP

statistic.
Under Hy, the MY is asymptotically equivalent to
Mg = (nR® = p.)/(252), (1.3.16)
where R? is the squared multi-correlation coefficient from AR(p,) regression
0y = Brie—1 + Bafiy—2 + Lo u—p, + €1, (1.3.17)

where initial values 7;_,, = 0,0 < ¢ < p,. Hence, the Mlj;l can be viewed as a test for the

hypothesis that the p, coefficients of the AR(p,) model jointly equal to zero. Because
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any stationary invertible linear process with continuous f can be well approximated by a
truncated AR model with sufficiently high order (cf. Berk (1974)), the Mg can capture
all possible autocorrelations as long as more lags of 4; are included as n increases.
When Mg rejects Hy, the t statistic in (1.3.17) may provide useful information about
the pattern of serial correlation. The power of the Mg may be different from that of the
MlTn, because in general, they are not asymptotically equivalent under H4 (see Hong

(1996)).

By simulations, Hong (1996) shows that the BP, MlTn, Mg and LM tests are much less
powerful than his tests which are based on kernels other than the truncated kernel.
This result confirms his remark that the BP, Mf;l, Mpg tests put equal weight on all p,
sample autocorrelations but intuitively, this might not be optimal in so far as for most
stationary processes the autocorrelation decays to zero as the lag increases. Since many
kernels work better than the truncated kernel, Hong's (1996) tests have better power

than the ML

1n»

Mpg and BP tests or the truncated kernel based tests. The LM tests of
Breusch (1978) and Godfrey (1978) are asymptotically equivalent to the BP test under
a static regression model, so the LM tests are also less powerful than tests based on the
kernels other than the truncated kernel. Hong’s simulation study shows that the LM

tests are more powerful than the BP one against an AR(1) alternative.

The power of the M{,,, Mg, BP, LM and Hong’s (1996) statistics depends on the choice
of p,,. But there is no optimal choice for it. Hong (1996) applies Beltrdo and Bloomfield
(1987) for choosing p, but the tests exhibit overrejection at the 5% level. In practice,
people often do these tests with different values of p, and reject if one of tests tests
rejects with a value of p,. This method makes the error that the null hypothesis is

rejected too often even if it is true. It means that in this case, standard critical value is

not valid for these tests or their distribution under the null hypothesis is not standard.

As far as I know, no research paper proposes an optimal choice of the kernel parameter
for the statistics based on the spectral approach. In fact, many adaptive rate-optimal

tests are based on the maximum approach, which consists in choosing as a test statistic
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the maximum of the standardized statistics associated with a sequence of smoothing
parameters. Horowitz and Spokoiny (2001) propose a test of a parametric model of a
conditional mean function against a non parametric alternative. This test is based on the
maximum approach. For this approach, the critical value diverges and it is necessary
to simulate it for each sample size. Guerre and Lavergne (2004) propose data-driven
smooth tests for a parametric regression function. The smoothing parameter of these
test statistics is selected through a new criterion that favors a large smoothing parameter
under the null hypothesis. The advantage of this choice is that the distribution of the
statistics under the null hypothesis is standard (normal). Also this test detects local
Pitman’s alternatives converging to the null at a faster rate than the one detected by a

maximum test.

Our data-driven rate-optimal procedure for the selection of p, is based on the one

proposed by Guerre and Lavergne (2004). Define

Tip, = (1/2)nQ%(fn; f) — Cu(k) (1.3.18)
Tap,, = 2nH?(fu; fo) — Crlk) (1.3.19)
Ty = nI(f; fo) — Cu(k) (1.3.20)

Let P be a set of possible values of p, and J, be the number of the elements of P. We

have :

P = {pmin>pmin + 1, ,Pmaz} ) (1321)

where Pmin and pmg, are chosen in order to ensure that J, = Dmaz — Pmin tends to
infinity when 7 tends to infinity. To establish the theorems 1.3.1 and 1.3.2, we assume
that J, is Op(Inn) and ppy, is Op(Ininn). This means, in particular, that pm;, converges

to infinity.
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The next two Lemmas give us the mean and the variance of T;;,,. Define

S(k) = nni:l k*(j/pn) B2 (1.3.22)

j=1
which is estimator of n Z?;ll kQ(j/pn)RJz. We define R(5), S(k), and Tpn exactly as R(j),
S(k), and T}, respectively, with {u;} replacing {@;}. To establish the next two Lemmas,

we suppose that the assumption below holds.

Assumption 1.3.3 {u.} isidentically and independently distributed (i.1.d) with E(us) =

0, E(u?) = 0? et E(u}) = p1q < o0
For the next Lemma, for any real number z, let 27 = (2)* = max(0, z).

Lemma 1.3.1 Let assumption 1.3.8 hold. Then under the null hypothesis,

ES(k) = o'Cn(k),
2 _gn-l1

Var(S(k)) = o%2Da(k) + BT 3" k4(3/pa)(1 ~ /n)

4(pgot — o8 . .
b AT S 2 ) )
n 1<j1 <GaSn—1
(L=g2/n+ (1= (1 +42)/n)").
If n — o0, p, diverges with p, = o(n) and k(.) is bounded,
ETan - 0,
Var(S(k)) = 02D, (k), or Var(T1p,) = 2D(k),

where D (k) = 3721 (1= 3/n)(1 = (§ +1)/n)k(§/pn).
See appendix for the proof of this Lemma.

Lemma 1.3.2 Let assumption 1.8.8 hold and n — o0, p, diverge with p3 = o(n) and
k(.) be bounded,
ETipn = 0>

Var(Tip,) = 2D,(k),
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where 1=2, 3.

See appendix for the proof of this Lemma.

On an informal ground, Guerre and Lavergne’s (2004) approach favors a baseline sta-
tistic Tl-pno with the lowest variance among the Tipn with i=1, 2, 3. In our case, the
approximation of the standard deviation of Tipn is 0p, = +/2Dy, (k) where Dy(k) is de-
fined above. It is easy to demonstrate that 2D,(k) obtains minimal value when p, is

equal to Pmsn. It Implies that pno is equal to ppin. Our statistic is the following :
Min(5n) = Tip, | [2Dng (K)]/2 5 = 1, 2, 3, (1.3.23)

where Dy (k) = 020 (1= j/n)(1 — (G + 1)/n)k* (/Pmin),

~

ﬁin = a’rgma"rpnGP {’1—;;}711 - A/n,[]pn,Pno} = G’TgmaxpnGP {j;;:]')n - j;ipmin - ’Yn,ﬁpnypno} )
(1.3.24)
where v, > 0 and ¥, 5, = V2D, (k) + 2Dy, (k) — 4Dygyy, the approximation of the

asymptotic null standard deviation of ﬁpn — Tipno- Our criterion for the choice of the
kernel parameter penalizes each statistic by a quantity proportional to its standard
deviation while the criteria reviewed in Hart (1997) use a larger penalty proportional
to the variance. Our procedure inherits the power properties of each Tpn, up to a term

Y Opn,pno- Indeed, the definition of p,, yields

Tﬁn = }I)ng)lg {j:’ip‘n - /Yn’ﬁpn’p‘n-o} + ynlﬁpﬂ-)pno Z Tpn - 'ﬁpn,an (1325)

for any p, € P. As a sequence, a lower bound for the power of the test is
P (T 2 pnoZa) > P (T 2 DpuZac+ Ylpupns ) (1.3.26)
for any p, € P and i=1, 2, 3.

Since p,.5 pno = 0, we have the following implication of 1.3.26 :

P (T, 2 0pngZa) 2 P (Tpny > tpugZa) (1.3.27)

for any p, € P. The last equation shows that the tests based on the optimal procedure

are more powerful than those of Hong (1996).
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1.3.1 Asymptotic null distribution

To establish the asymptotic null distribution of the tests based on the optimal procedure,

we assume the following condition :
Assumption 1.3.4 : n'/?(& — a) = Op(1)

As Hong (1996), we assume that {u} is i.i.d since in financial models, it is well known
that {u;} has highly leptokurtic distribution. Hong (1996) shows that under Assump-
tions 1.3.1, 1.3.3, 1.34 and p, — 00,p,/n — 0, then My, 9, N(0,1). Moreover, if

Pn — 00,p5/n — 0, then
M2n - Mln = Op(l):MSn - Mln = Op(l)aMQn i’ N(0> 1)>M3n i’ N(O, 1)

The asymptotic distribution under the null hypothesis of the tests based on our optimal

procedure is given in the next two theorems.

For the choice of p,, which is given by (1.3.25), we have to find the analytic form of

~ . T '8 _ ] : 1 :__
Upn:PnO - CO’U(,I;Pn’EPnO) - CO’U(,I;Pn) 'me{n) ) 1_17 2) 3

Lemma 1.3.3 Let Assumption 1.3.8 hold. Then under the null,

Cov(S(k(Pmin)), S(k(pn)))

n—1 2 08
= D K/pr)k* i/ pmin) (1 = i/m) {208(1 — @+ 1)/n) + B2 -
z_n—l 'u40_4 _ 0.8
+ Z 2k2 (i/pn)k2 (]/pmm) -
i=1i4]
(1= maz(i,g)/m) + (1 2E0)7)

If n — 00, pn diverges with p, = o(n) and k(.) is bounded,

Cov(S(k(pmn)), S(k(pa))) = ©o° i k2 (i/pn)k* (i/Pmin) (1 = i/n)(1 = (i +1)/n).

Tt is easy to show that pag = pmin
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or

n—1
Cov(Tipn Tippin) = K(i/Pr)k*(i/Pmin) (1 — i/n)(1 = (i + 1)/n).
i=1
Proof : see appendix.

Lemma 1.3.4 Let assumption 1.3.9 hold. If n — o0, pn diverge with p> = o(n) and

k(.) is bounded, then under the null,
o i=1
Cov(Tipns Tipmin) = K2(1/P)k (i/Prmin) (1 = i/n)(1 = (1 + 1) /n),
n—1

where 1=2, 3.

Proof : See appendix.

Hong (1996) demonstrates that given p, — oo and p,/n — 0, SRR pa) (P2 (5) —

2(5) = op(pg/z/n) (page 854). So the last two Lemmas are also valid for T, .
Theorem 1.3.1 Suppose Assumption 1.3.1, 1.8.3, “and 1.8.4 hold and ppmin, — 00 and
Pmin/n — 0, when n — 0. Let 7y, — 00 with

v > (1+1)vV21In Jy, (1.3.28)

for some n > 0, then Pr (M, (Pr) > 24) 2, o with 24 standard normal critical value.

The theorem 1.3.1 is proved in two main steps. Firstly, we show that

T, —T, .
P(pn # pmin) = P (max M) (1.3.29)

pn€P Upn,mln

goes to zero. Then we show that Tmm/ﬁpmin converges to a standard normal. See

appendix for the detailed proof.

Theorem 1.3.2 Suppose that Assumptions 1.3.1, 1.83.2, 1.8.83, 1.8.4 hold. Let p, — o0,
P2 /n — 0. Then

(Tl,Pn - T21Pn)/’f)l7nypmin = OP(1)7 (Tl,Pn - T3,pn)/ﬁpnypmin = Op(l)a Vpn € P7
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and
Pr(Man(pan) > Zo) 2> &ty Pr(Man(Ban) > Zo) 2 o

with Z, standard normal critical value.

Proof : See appendix.

The data driven choice of the kernel parameter favors p,,;, under the null hypothesis.

Indeed, since Ti,pn -7 is order of ¥p, p,..., under Hy, pn = Pmin asymptotically

Pmin

under Hy if v, diverges fast enough. Hence the null limit distribution of our statistic is

the one of T} /Vp...n, that is standard normal, our tests have bounded critical value.

"Pmin
This is one advantage of our statistics in comparison with the statistics using maximum
approaches. Under the null hypothesis, our statistics are equivalent to M;,, i=1, 2, 3 of
Hong (1996), but the fact that T}, /op,... is larger than T; . /1, under the alternative

hypothesis will make the tests based on our procedure more powerful at no cost.

1.3.2 Asymptotic local power

We start this section by considering general alternatives with unknown smoothness, and

then we examine Pitman’s local alternatives.
1.3.2.1 General alternatives

We consider general alternatives with unknown smoothness. Define the departure é(w)

from the null as :

§(w) = flw) — folw).

To define the alternative hypothesis, the nonparametric minimax approach requires to
focus on some classes of smooth functions, as explained by Ingster (1993). We then
consider deviations from the null which are in smoothness classes defined as follow. Let

the Holder class C(L,s) be the set of f(:) with :

C(L,s) = {5(-); |6(w1) — 8(ws) < Llwy — wa® for all w; € [~ 7,1 = 1,2} for s € (0, 1],
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C(L,s) = {6(-); the|s| — th partial derivatives of 6(-) are in C(L,s — |s])} for s > 1.

Hence the smoothness class C(L, s) is defined for all L > 0 and s > 0. The composite
nonparametric alternative that the function f(w) is separated away from zero is assumed

in L, norm. Hence, we consider the following alternative :

Hy(p: Ly5) = {8a() = £ul) = fo():60() € C(L,5), 60 > Cue?}.
The minimax adaptive framework evaluates tests uniformly over alternatives at distance
p from the null with unknown smoothness index (L, s). Such alternatives allow for a
general shape of 6() with narrow peak and valleys that may depend upon the number
of observations. In the adaptive approach, the rate p from the null depends upon the
unknown index s. Spokoiny (1996) shows that the optimal adaptive rate is :
()

,On(S) = n

which is slower than the parametric rate n=1/2.

Theorem 1.3.3 Consider a sequence of {fn(w)}n>1 such that some unknown s > 0
and L > 0, fo(w) — folw) € Hi(pn; L, s) for allw € [—m, 7| and all n. If v, 1s of ezxact

order Inlnn, the test is consistent, namely
T-
lim Pr (Ai > za> =1.
n—oo Upmin

The proof of this theorem is based upon the power bound (1.3.26)(see appendix). From
this inequality, the test is consistent if Tg,n — UppoZa = YnVpn,pno diverges to infinity in

probability for a suitable choice of parameter p,,.

The optimality of our procedure is a great advantage in comparison with Hong’s test

and standard tests for serial correlation.

1.3.2.2 Fixed alternative

In this section, we consider Pitman’s local alternatives.

Hen f,?(w) = fO(“J) + ang(w)’we[_‘ﬂaﬂ]) (1'3-30)
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where a, - 0 asn — oo and g : R — R is a symmetric periodic (with periodicity 2
7) bounded continuous function with [™_g(w)dw = 0. This condition ensures that f? is
a normalized spectral density for all n sufficiently large. a, tends to 0 at a rate slower

than n!/2. Define :

T2, = (1/2)nQ%(fu; £2) — Culk), (1.3.31)
g, = 2nH?(fo; £9) — Culk), (1.3.32)
T8, = nl(fn; £2) — Calk), (1.3.33)

and p;p, satisfies

~

~ o o N _ a _ pa ~
Dipn = ATGMATp, cpP {Tipn ’anpmpno} - a’rgma’xpnep {Tipn Tipno TnVp, ,PnO}

(1.3.34)

where v, > 0 and Dip,, ip,o = V/2Dn (k) + 4Dy, (k) — 2D, the approximate asymptotic

null standard deviation of T3, — T .

Theorem 1.3.4 Suppose assumptions 1.3.1, 1.3.8, 1.8.4, hold and p, — 00,pn/n — 0,
an = n~Y2(In(lnn))/4. Then
lim P(Ts,, > Zs) = 1.

n—00

where Prr, satisfies 1.8.34. If in addition assumption 1.3.2 holds and p: /n — 0, then
nll_{TQlQ P(Tﬁzn > ZQ) = 1,

and

lim P(T5, > Za) = 1.

See appendix for the proof.

When pro = In(lnn), the equation (1.3.27) allows us to establish the theorem 1.3.4.
From this inequality, the test is consistent if Tgn() —Dp,, diverges to infinity in probability.

Since a, = n_1/2(ln(lnn))1/4, our test detects Pitman’s local alternatives approaching
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the null at the faster rate than that in Horowitz and Spokoiny (2001) whose rate is

an = n~Y2(In(Inn))1/2. But these rates are smaller than that of parametric tests.

We now want to find the optimal kernel which maximizes the power of our tests over

some proper classes of kernel functions. Let r be the largest integer such that

k(r) = limz—»O(l - k(z))/ |Z

exists, and is finite and nonzero. We consider a class of kernel with r=2 :
k() = k() satisfies Assumptions 1.3.1 with k® = 1%/2 > 0.

The class k(7) includes the Daniell, Parzen, and QS kernels, but rules out the truncated,

Barlett, and general Tukey ones.

Theorem 1.3.5 Suppose the conditions of Theorem 1.8.4 hold and ﬂ%n/@pmm are de-
fined as in Theorem 1.8.4. Under Hu, and an, = n~/?(In(Inn))'/4, the Daniel kernel
kp(z) = sin(v/372/(V/372)), 2 € (—00,00), mazimizes the lower bound for the power of

ﬂﬁn/{)pmln over k(T)

The Daniel kernel is different from the QS one, which is optimal within k(7) in the
context of spectral density estimation using various mean squared error criteria (e.g
Andrew (1991) and Priestley (1962)). For hypothesis testing, the QS kernel can be
worse than many other ones. Some kernels have close value of D(k)? so we expect little

difference in power among these kernels if the same p, is chosen.

1.4 Monte Carlo Evidence

In this section, we present the Monte Carlo evidence of our tests to demonstrate that
they are more powerful than some commonly used tests in practice and that our choice

of the kernel parameter is data-driven and rate-optimal. Consider the data generating

“The Daniell, Pazen, and QS kernels have D(k) = 0.6046/7, 0.6627/7, and 0.6094/7.
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process

Y=c+ oY1+ X, + u (1.4.35)

where the exogenous variable X, = 0.8X;_, + v; and the v, are NID(0,3). We set
a=(c,a,a) =(1,05,0.5)"

The sample sizes used are n=64, 128. For each n, we set the initial value of Y equal
to zero and generate 2n+1 observations using (1.4.35) but we discard the first n+1
observations to reduce the effects of initial value. For the statistics My, M3,, we use
the approximation methods to calculate the integral. Let —7m = 2p < 2, < 22 < ... <

T, =m where z,,1 —2; = h, 1=0, 1, 2,..,n— 1, n=80 and h = 27/n. We have

s n—1
| @iz =3 05(f(@isn) - f)h (1.4.36)
- i=0

We compare our tests with those of BP, LB, and Breusch (1978), Godfrey (1978) and
the M;, statistic of Hong (1996). The following kernels are used for the M;, statistic,

i=1, 2, 3
Daniell (DAN) : k(z) = sin(nz)/7z
1 —6(w2)? +6|rz/6]%, |3 <3/
Parzen(PAR) : k(z) =< 2 — (1 — |rz/6)3, 3/m < |z| <6/m

0, otherwise;

1- |Z|) |Z| <1
Barlett(BAR) : k(z) =

0, otherwise;

QS:k(z):(Q/(227r2)>{sin( 5 /3m2)/(+/5/372) — cos 5/37rz)};

L, dif 2] <1
Truncated(TRON) : k(z) =

0, otherwise;

Here, DAN, PAR, and QS belong to k(7/v/3), BAR belongs to k(7).
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For the Hong, BP, LB and LM tests, to examine the effects of using different p,, we
first use three rates : (i) p, = [In(n)]; (i) p, = [3n%?]; (iii) p, = [3n®3], where [a]
denotes the integer closest to a. These rates are p,=4, 7, 10 for n=64; p,=5, 8, 13 for
n=128. The In(n) rate, up to some proportionality, is the rate delivered by information
based criteria for (1.3.17). The rate n%2 up to some proportional, is the optimal rate
minimizing the mean squared error of fn when the kernel with r=2 is used; and the

rate n%3 is close to upper bound on p, for the Ms,, and Ma,.

For the BP, LB, LM tests, we use the same p, where BP = nZ?Ql p%(j) and LB =
n(n+2) 30" (n — j)7 p*(5). Because there is a lagged dependent variable in (1.4.35),
the BP and LB are not valid, but we still treat them as asymptotically X%ﬂ_l under Hy.
The LM statistic is LM = nR?, where R? is obtained from the OLS regression of 4, on

L, Y1, X¢,G¢-1,. .., Uy—p,- The LM statistic is asymptotically X%ﬂ.

For our procedure, we set the band {pmin, - - -, Pmaz } With Dmin = maz[round(In(in(n)), 2],
2)% and pnez = [6lnn]. 7 in (1.3.28) is chosen to equal 0.5. By simulations, we see that

the value of 77 has a limited effect on the power of the tests.

Let ¢, be NID(0,1) and e; be uniform on [0,1]. For u;, we consider three processes : (a)
ug = €13 (b) uy = 3(e; ~0.5); (¢) uy = 0.3ug—1 +¢;,. Both (a) and (b) allow us to examine
size performances under normal and non-normal (uniform) white noise error. Process

(c), AR(1) allows us to examine the power of tests.

Table 1.1 presents rejection rates (in percentage) under normal white noise error at the
10% and the 5% nominal levels, based on 5000 replications of standard tests and Hong’s
(1996) tests. We see that for all tests, faster p, gives a better size. Among the three
tests, LM, BP and LB, the LM test is the best one with reasonable size when n=64.
But when n increases, it exhibits underrejection. The LB test has strong overrejection
for all p,,. The rejection rate of the BP test decreases when p, increases and has better

size than the LB test. These findings differ from the literature. But the BP test also

3Since Dyn (k) = 0 when p,, = 1 for Bartlett kernel, pmin must be higher than 1.
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exhibits a little overrejection. Hong’s tests with the kernels other than the truncated
kernel have more reasonable size than the LB, BP et LM tests and they have reasonable
size at the 5% but have greater difficulties of getting it right at the 10% level. For each
statistic M;,,1 = 1, 2, 3, the Daniell, Parzen, and Quadratic-Spectral kernels perform
similarly but the Barlett kernel performs slightly differently. The M;,,1 =1, 2, 3, with
this kernel reject the null hypothesis a little less often than the other kernels other than
the truncated kernel. The truncated kernel performs very badly. The M;,,1 = 1,2, 3,
with the truncated kernel have over rejection at the 5% levels. In sum, Hong’s tests with
the kernels other than the truncated kernel have better size than other standard tests.
Table 1.2 presents rejection rates under nonnormal (uniform) white noise errors. The
obtained results are similar to the normal white noise errors case for the BP, LB and
LM tests. For the M;,,1 = 1, 2, 3, with kernels other than the truncated kernel, the

null hypothesis is a little overrejected at the 5% level.

However, the level of Hong's tests and other tests presented in tables 1.1, 1.3 depends
on the choice of p, and there is no optimal choice for this parameter. Consequently,
users often apply these tests with different values of p,,, observe the results and reject
these tests if p-value is less than the 5% for one value of p,. Tables 1.2, 1.4 present
the rejection rates of the BP, LB, LM aﬁd M., 1 =1, 2, 3 tests when they are done
with p, = 2,...,15 and the tests reject if they reject with one or many values of p,.
The obtained results are striking. All tests have overrejection. The BP, LM, LB tests
have great difficulty in reaching the size of the 5% and the 10% levels. The LM and
BP tests perform similarly while the LB test has more overrejection. Although the
Min,1=1,2,3 tests have overrejection, they have much better size than the other tests.
The Daniell, Parzen, and Quadratic-Spectral kernels perform similarly but the Barlett

kernel performs slightly differently.

The rejection rates under normal and non-normal white noise of the tests based on our
adaptive rate optimal procedure are presented in tables 1.6, 1.7. They have reasonable

sizes at the 5% level for all kernels other than the truncated kernel but they exhibit
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under rejection at the 10% level. The Parzen, Daniell, and Quadratic-Spectral kernels
perform similarly but the Barlett kernel rejects the test less often. The truncated kernel
performs very badly. Table 1.6 presents the percentage that p,, equals p,,;n of the data-
driven rate-optimal procedure. We see that for all kernels other than the truncated
kernel, more than 98% p, chosen is equal to p,,;, and that this percentage is higher
when the sample size is larger. This confirms our demonstration of the theorem 1.3.1

that p,, converges to pmin when n goes to infinity.

Table 1.5 reports the power of the standard tests and the M;,,1 = 1,2,3 tests under
the AR(1) alternative. 1000 replications are applied for each test and this table presents
the percentage of rejection under the AR(1) alternative for different values of p,. For

all tests, slower p,, gives better power.

The power of the BP and LB tests is higher than that of the LM test and the LB test is
the most powerful among these three tests. The M;,,7 = 1, 2, 3 tests have much higher
power than the LM, BP, LB tests. The truncated kernel delivers the much worse power

than the other kernels.

Hong (1996) applied Beltrdo and Bloomfield (1987) procedure which allows to choose
Pn, via data-driven methods. This method is referred to as a cross-validation method
which is based on a pseudo log likelihood type criterion under the Gaussian case. Hong
finds that cross-validation works well at the 10% level but it has a little overrejection at
the 5% level. Under the AR(1) alternative, the cross-validation yields more power than
the determined rules in term of asymptotic critical value and its empirical based power
is good. When 1000 replications are applied, the number of rejection under the AR(1)
alternative at 5% ranges between 699 and 719 (713 and 742) for the My,, 709 and 725
(727 and 745) for the My, 698 and 718 (735 and 750) for the M3z, if empirical critical

values (asymptotic critical values) are used (see tables 1, 2, 3 of Hong (1996)).

The rejection rate under the AR(1) alternative of our procedure is presented in table

1.8. We see that this procedure renders the tests more powerful than the M;,,1=1,2,3
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tests for any value of p, and they are also much more powerful than the cross-validation

method presented in Hong (1996).

To summarize, (i) for our data-driven rate-optimal procedure and the M;,,i =1, 2, 3
tests, the choice of the kernels (other than the truncated kernel) has a little impact on
size; (ii) the truncated kernel, a generalized BP test, has lower power and worse size
than the other kernels; (iii) the choice of p, has a significant impact on the size and
power of the LM, BP, LB and M;,,7 = 1, 2, 3 tests. Faster p, gives better size but
slower p, delivers better power. However, there is not an optimal choice of p,. So users
often apply these tests with different values of p,, observe the results and reject these
tests if the p-value is less than 5% for one value of p,. This choice makes the tests have
a bad size and in this case, the standard critical values or the distribution of these tests
under the null hypothesis are not valid ; (iii) the tests based on our data-driven rate-
optimal procedure have better power than the other tests against the AR(1) alternative

for all fixed py,.

1.5 Conclusion

This paper proposes a data-driven rate optimal procedure for testing serial correlation
of unknown form for the residuals from a linear dynarmic regression model based on
Hong’s (1996) tests. They are based on a comparison between a kernel-based spectral
density estimator with the null spectral density, using respectively a quadratic norm,
the Helling metric, and the Kullback-Leibler information criterion. Under the null hypo-
thesis, the distributions of our statistics are asymptotically standard normal and remain
invariant when the regressors include lagged dependent variables. The first advantage
of the tests based on our procedure in comparison with Hong’s tests and other tests for
serial autocorrelation is that ours allow an optimal data-driven choice of p,, the kernel
parameter. The criterion for the choice of the kernel parameter penalizes each statistic
by a quantity proportional to its standard deviation. Due to this choice, our procedure

yields more powerful tests than Hong’s tests and than other tests and they are adaptive
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rate optimal in the sense of Horowitz and Spokoiny (2001). The fact that our statistics
are divided by the minimum variance increases the power of the tests. The tests based
on our data-driven rate-optimal procedure detect Pitman’s local alternative at the rate
of (In(lnn))Y/4n~=1/2. By simulations, we find that the tests based our data-driven rate-
optimal procedure have good level at 5% and they are more powerful than the LM, BP,
LB and Hong’s tests for determined fixed pr, and for p, chosen by the cross-validation

method of Beltrdo and Bloomfield (1987) under the AR(1) alternative.



APPENDIX

We introduce here the notation that 2 = (z)* = max(z, 0).
Let
S(k)y=n)_ kR},
j=1
where k = (k1,...,ko1) € R™ k; = K2(j/p), 5 =1,...,n— 1.

Proof of Lemma 1.3.1

Observe that for j > 0,

- 1 2
2 2 .2
BeZYwadrd Y wwunu. (1080
n 0 .
t=1 1<t <tr<n—y
Hence .
o~ —~ n —_
ER; =o'+ andfor j >0, BR2 = 2o
n n

since, in (1.0.37), E (Ug4jUt Uty +5Ut,) = L (Uyyj) E (Uepus; 45u¢,) = 0 for j > 0 by
independence of the centered u,’s. This gives

n—1 .
ES(k) = o* AT
k)=o¢ Z (1 n) k;
7=1
For the variance, note that

Var (S(k)) = n27§ BVar (B2) +2n S kyky,Cov (R, R2,)

j=1 1<j1<j2<n~1
with, by (1.0.37),
o 1 n—jin—j2
n*Cov <R]2-1,R]2»2> =3 Z Z Cov (ut21+jlu?1,u?3+j2ut23>
t1=1 tg=1

n—ji n—jo
bar Y Co (i et
n2 OV \ Ut 45, Uy Uty +5p Uty Uty +352 Uty
t1=1 t3,ta=1,t3<t4
n—j n—j2
+3 Z Z Cov { Upy4 ; 2 2
TL2 t2+]1ut2ut1+31ut1>ut3+j2 t3
t1,t2=1,t1 <tz tz=1
n~ji n—jz
4
+ﬁ Z Z Cov (ut2+j1ut2ut1+j1ut1)ut4+j2ut4ut3+j2ut3) .
ty,te=1,t1 <tz t3,t4=1,l3<t4q



41

317
to <n—7j;, 1 <tz <ty <n—7jg. Observe that?

We first compute n?Cov <R2 R2 ) In what follows, 1 < j;3 <jo<m—1land 1<t <

p3 — o8 if 1 =72 > 0 and t; = t3 (n — 7 items),
) if0<j1<j2 and {t1+j1,t1}U{t3+j2,t3}7é@
2 2 2 2
Cov (ut1+jlutl,ut3+j2uts> ={ pgot — o8

(2(n — j2) + 2(n — J1 — j2)7 items),

0 otherwise.

The items in the second group of sums in n2Cov (R]Qw R2 ) are

2 2 , -
Cov (ut1+j1ut1vut4+j2ut4uts+]2ut3> =0

and

. . 2 2y
Cov (ut2+]1ut27ut1+]1ut1ut3+]’2ut3) =0,

while, for the last sum in n2Cov (R2

i RJZZ) , we have

Cov (ut2+j1ut2ut1+j1ut1 y Uty +352 Uty uts+j2ut3) =

0% if j1 = jp and {t1,t2} = {t3,ta} ((n = j1)(n — j1 — 1)/2 items),

0 otherwise.

~ ] ; ; 2_ 8
nVar (R2) = 2< _%) (1_1%1)08+<1_%)u4n0 |

' ' o\ T 4_ 8
QCOU<R]21’R2> _ 2(1_]_2+<1_]1+]2> ),LL40 o ‘

If 51 < jz and {t1 + J1, 61} U {ts + j2, t3} # O, the number of items is
n—jin—jaz

DD Ui =tati2)+ (45 =te)+1(tr=ta+j2)+1(t = 1s))

t1=1 tz=1

(SRR i 305 38 ot ) ) KRS

=141 ta=ja4+1  t1=j141t3=1  t)=11t3=jp+1 ;=1 tz=1

(n—j2) +2(n—ja — j1)" + (n—j2) .



Substituting in the expression of Var <§(k)> yields

o) < B - (-2
FCLAL N S kjlkj2<1—j_2+<1_w>+)

151 <ja<n—1 "

Now, take ka- = k2(j/p). Observe that, If k(-) has a compact support and p = o(n),

L3 G =i < € 16 < 6p) = 0/ = ofp),

1 . . . . . +
Loy oe@)e®) (u_u(u_ﬁh))
" i<ji<jagn-1 NP p n n

< % (; I(j < C;D))2 = pO (%) = o(p),

pa/n = o(1),

and the Lemma is proved.

Proof of Lemma 1.3.2

Hong (1996) demonstrates that given p2/n — 0

. 1.
262 oy fo) = 5@ s 10 = op (912,
and
A 1 ~
(s ) = 5Q%(Fns fo)| = 0y (412

So the asymptotic mean and variance of fgn and Tgn are equal to those of fln.

Proof of Lemma 1.3.3

CO’U(S’(k(pn))v (k(pmm)))

n—1

2 k2 (i /pn) R (%) ZkQ (3/Pmin) B (5)

e
|

|

3

o

Q

IS4
o

3
|
3
|
—

= n?] k2(3/pn)k? (3 /Pmin) cov(R2 (i), R2(5))

s
Il
—
.
Il
—
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n—1

= 2 Z k‘2 /pn)k2(l/pmm)va7"(R2( ))

i=1

+ Z K2(1/P)E? (G /Pmin )cov(R2(51), B2 (j2))
i,j=1,4#]

MZ_ 8
= Zk2 /D) K2 (i/ Prin) {2(1—i/n><l—<¢+1>/n>08+<1—z’/n> - ]

n—1 S 4 8
. . o 1+ o' —0
b2 Y BB pmin) ((1 - moa(i, /) (1 - ) B
i,j=1i#j
If n — o0, p, diverges with p, = o(n) and k(.) is bounded,
1 n—1 Cn—l
~ D K G/ = j/n) < =3 1(j < Cp) = Op/n) = olp),
j=1 j=1

Loy e () (-2 (-2

1<j1<j2<n—1

It follows that
E(R%) = o4,

n—1

COU(Tlmelein) = 2 Z kZ(i/pn)kz(i/pmin)(l - i/n)(l - (i + 1)/”)

=1

Proof of Lemma 1.3.4

Hong (1996) demonstrates that given p2/n — 0

23 (s o) = 5@ Fas )] = 00617 ),

and

1 fo) = 5@ J0)| = 0p(ol2 /1)

So asymptotically we have Cov(Ty,., Top,in) = Cov(Tap., Tap...) = Cov(Tip,, Tiprn) =
25 k2(3/pn) k2(i/Prmin) (1 — i/n)(1 — (i + 1)/n). The Lemma is proved.
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Proof of Theorem 1.3.1

First, we need to show

Tp

n Tpmin

min) — P
P(pn # Dmin) (g}g}g

)

goes to zero. Let n be as in condition 1.3.28 of theorem 1.3.1.

Up'n. Pmin

Throughout we put Zj; = ugu—;. We define R(j), p(5) and fn exactly as R, pH),
f respectively, with u, replacing @;. Given p,/n — 0 Hong (1996) demonstrates that?

n—1
S K G/pa)G) = nTleg U (Cn + Wa) + op(ph? /)
=1

= 0 Culk) + (022 /n)op(1) + (02 /n)o ™ 0p(1) + 0~ 0 Uy,

where C~'n =n"1 30 1Zt =j+1 kz(]/pn) gt Wn =n~! Z]n 12 ]+2 Zs =j+1 2k2(j/pn)
tZJS U = n_l Z kZ(]/p’n) Zt 2[n+3 Z.ts ll?1+12 W ts with W]ts = 2Z]tZ]s and ln is
chosen such that ln/pn — 0.

Put Uy, = 2us zgﬂzl k2(§/pn)ue—jHji—1,—1 where Hjpy, 1 = Y0 llﬂ;? Z;s. Then U,

nl > io1,43 Une and Uy, Fy—1 is a martingale difference sequence, where F; is the o-
field consisting of us, s < t. Put 0?(n) = EU2. Hong (1996) shows that (a) o~ 2(n)n~2
Fatvs EULIUn| > ena(n)]) — 0 for every e > O and (b) o2 (n)n "2 30y, 45 Ufy =
1 where U2, = E(U,%t|Ft_1). Two expressions (a) and (b) are sufficient to imply the
asymptotic normality of ¢ ~!(n)U, (Brown (1971)). Under (a) and (b), we have o =4 (n)n 4
"o 13 E(ULI|Uni] < no(n)]) — 0 and E !or 2(n)n~2V2 — 1| — 0 (see Brown (1971)
and Scott (1973)) where V = Zt 2Up+3 U

Hall and Heyde (1981) demonstrate that the rate of convergence in the Brown (1971)
martingale central limit theorem is

sup, |[P(o™}(n)Un < 7 — 0(a) |

< Alo2(M)n 2 Yoy, 13 E(ULIUne| > no(n)]) + Elo~2(n)n2V;? — 1[]/8
+Alo™ () iy, 15 E(Uned [[Une| < mo(n)])]'/°

where A is an absolute constant and & is a standard normal distribution. Hong showed
that 0=2(n) = 208p, D(k)(1 + o(1)) given pp, — 00, ln/py — 00 and I, /n — 0.

Following the proof of theorem 1, pages 855, 856 of Hong (1996), we have o~ 2(n)n 2
> 2 +3 EUZ, = O(n~ ) o= )" S gy, 43 EUgy = O(n™ 1) and 02 (n)n V2 ~ 1 =
O(n™1). So sup, |[P(c~ (n)U, < z — ®(z)| < O(n~1/5).

%See the proof of theorem A.1 of Hong (1996), page 854
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We have

n Y0 K25 /pa)BG) = Ca(k)  pi/20,(1) + pi S0 Y0,(1) + 074U,
(2D, ()12 (2D, (k)72
0p(1) + o7 %0,(1) + o7,
(2D, (k)12
= 0p(1) + (1 + 0(1))o ™ () U

(" S R /o) B ()~ C‘n(k)>

j=1

So @D, (k)72 — N(0,1). Replacing k2(j/pn) by k*(5/pn) — k*(j/Pno),
we can show that

Tipn = Tipwo | _ | 2521 PG (K (3/Pn) — K2(5/pro)) — C;:(k)’
VPn,PnO ‘/P'n,,PnO
= 0p(1) + (1 4+ 0o(1))o 1 (n)US,
where Cx(k) = YI21(1 — 1/n)(K*(5/pa) — k*(§/pno)), Uy = ﬂ‘lzl" ( 2(j/ion)
k2(5/pno)) S5 20,43 i [[71112 Wiis. We also have sup, |P(o™ 1 (n)U} < z — &(z)| = n=1%).

Theorem 1.A of Hong (1996) gives > 7~ LE2(5 /) (9% = 5%) = op(p;ﬂ/n) or

n Y501 K2 (5/pn)p(5) — Calk)  n 3021 K2(/pa)pld) — cn<k>‘ o)
(2D, (k)12 (2D, (k))1/2 (2Dn(K))V/2
o)
— (2p.D(k))1/2
= op(1).

By replacing k%(j/pn) with k2(5/pn) — k2(5/pno), we have

Tlpn B TanO _ Tl"P'n - TanO =0 (1)
A = = 0p(1).
Upn,pno Upn,pno
So
T1 — Tl Cfl - Tl
max | —22 Prin) = max |—2= P22 | + 0p(1)
pn€P Upn,pro pn€P Upn,pno
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Tip, — Tip .
< P | max “den 2 pmin > Y | 4 0p(1)
pn€P ’Upnypmi'n.

Tip, — T1p. .
B [ . e

pn€ P vpn WPmin

Ty, — Tipmi n
< ZP(  —Jpmin |, T >+op<1)

PrEP Ypn,pmin 1+mn
201+ 1 2
< % exp <—§ (1?77) +In Jn> +0,(1) + JnO(n—l/s)
n

= 0,(1) + O(Innn~1/%) = o, (1),

since éimn_‘oo(lnn/nl/‘r’) = limp —,0on~ /% = 0 by I'Hépital rule. We now have to show
that 1), /0p, ., converges to a N(0,1). It is easy to demonstrate that M, has minimum
variance when pn = pin. Then pn = Pmin. When n — 00, pin — 00 but prin/n — 0,
following the Theorem 1 of Hong (1996), Ty /0p,,, converges to N(0,1). This is sufficient
to establish Theorem 1.3.1.

Proof of Theorem 1.3.2
Hong (1996) demonstrates that given p /n — 0

\2H2<fn,fo) @ )] = 0plol? )

and

T fo) = 5@ s 10| = o ol2/m)

It follows that szn - T = Op(p’n/2) szn - Tlpn = op(p 1/2) Vp. € P.

Topo — Tipn _ o (pr”)
Upn pno \/Z]rf:l(l ~3/n)(A = (54 1)/n) [k2(5/pn) — k2(5/pno)*
1/2
— Op(pn ) :0p<1))

(VPr = v/Pro) V2D(k)

TSpn B Tlp'n. (p'}l/2>

T TS (L= /) = G+ /) (203 /pn) — K2 oo

1/2
Op(pn/ )

= U< vr) 2Dl %W




given p, — 00, and p,/n — 0, p,Dn(k) — D(k) = [5° k(z)dz. So

Top. — T

—r TP — o,(1).
UPn;PnO

Tspn = Tipn
En Pr = 0,(1).
UPn,Pno

To demonstrate the last part of this theorem, note that

)

Ty - Ty
5p<max Torn = Top >7n> (1)
Upnxpmin

PnEP

TQ n TQ min

<2 P(— >7n>+0p(1>
pn€EP UPumin

Top, — Top.,.
S Z P( 2pn 2P min Tn >+Op(1>

o >
anP Upnxpmin 1 + 77

V2(1 +1n) 1/ ~ 2 1
< _ — - n - /5
N2 exp 5 (1 77) +InJ, | +0,(1) + J,O(n )

= 0,(1) + O(Innn~ ) = 0, (1),

=

Top — Top .
P(pn#pmin> = P<max M

PnGP

Upn Pmin

To,  —Ts
P(pn # Dmin) = P<max Z3Pn S 3pmin

pr€P Vpr,pmin
Tsp. — Top .
< P | max |=2En— T3Pmin | o + 0p(1)
pn€P an,Pmin
Tap, — Tsp. .
< P(——"”’f P >vn) + 0p(1)
pnGP vpﬂ!pmin
Tsp, — Thp . A
<3 P( e )+op(1)
pnEP Upn,pmin I+ n

V2(1 +n) 1 7y 2
< i n -1/5
e exp | — 5 (1 77) +InJp | +0,(1) + J,O(n™ /%)

= 0,(1) + O(Innn~1/%) = 0,(1).

We now have to show that Tpn /Vponin converges to a N(0,1). It is easy to demonstrate
that M, has minimum variance when p, = pmin. Then p, = Ppmin = In(Inn). When
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n — 00, Pmin — 00 but pmin/n — 0, following Theorem 1 of Hong (1996), Tpn/f)pno
converges to N(0,1). This is sufficient to establish Theorem 1.3.2

Proof of Theorem 1.3.3

o = %n27r /_7;(5(w))2dw — Co(k)

We have

i\

~YnUpp,pno — Lalpne + Op(27r2np2)

= —Op(Yn/Pn) + Op(21*np?)

= 0, [2w2n <n‘1 ln(lnn))ﬁ} = Op(¥ny/Pn)

“ 0 . .
Tlpn = TnVpn,pao — Za,UPnO

_1
= Op 271'2’!’1, (n_](ln(lnn))2s) R Vn\/p—n} )

using p = (n_lx/ln(lnn))“z—il. Take p, = Op(In(lnn)) and v, = In(lnn), we have

1
Tflpn = Y Opnpeo — Zalpng > Op {2%211 (n"l(ln(lnn))Qs) dstl (ln(lnn)):‘/ﬂ = 00,

2w2n(n_l(ln(lnn))25)zﬁr
(In(lnn))3/2
and for Tg; /03y, follow because it is easy to show that

. _ . 2 a ~
because (1M, o = oo using Taylor’s rule. The results for T2z">n/v2pno

Ty, —T

P 1p

An = OP ( 1 ) 3
,Up‘n »Pn0

Tsp, — T
Pﬂn Pn — Op ( 1 ) ’
,Upn PO

using analogous proof of theorem 1.3.2.

Proof of Theorem 1.3.4

We have the following

QU 1) =27 [ [Fal0) — fole) — ang(w)]”des =
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2 [ [(Falt) = ole))? = 2an(falw) = fol)g(w) + a2g%(w)] do

. Hong (1996) finds tb?;t (fa(w) = fo(w))g(w = Oy(n=Y?) when p, — o0, p/n — 0.
an = (n"1y/Ia(lnn)) . Then : an(fa(w) = fo(@))g(w) = Op(n~1(in(inn))V/%).
So,

Q(f, 12) = Q(F, £2) + Oy (In(inn)) V) + n*yfin(inm)2r /_” (W) dw.
Then, i
T{‘pn = T, + Op(In(inn))/4 + \/ln(lnn)27r/ g (w)dw.
We have -

Tlapno — Uppo Lo = Tlpno — VpnoZa + Op(ln(lnn))1/4 + zn(lnn)27r/ 92(<U)dw.

By theorem 1.3.1, we have T1,.0 — Up.oZa = 0p(1). So, TE = Gp.o Za = 0.

1pno
The result for T5; /09;,,, and for Tg; /Dsp,, follow because it is easy to show that

T2pn. — Tlpn o
~ - Op(l)a
vpnﬁno

Thpn _']Hpn _

— = 0p(1),
vpn,z?no

using analogous proof of theorem 1.3.2.
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Table 1.1 Rejection rate in percentage under normal white noise of standard tests

n 64 128
Pn 7 10 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 07.34 12.99 05.24 10.49 04.65 | 08.57 06.69 12.87 05.85 11.30 05.13 09.50
LB 09.47 16.56 7.57 14.05 08.38 13.74 7.77 14.24 6.85 13.73 06.80 12.89
LM 05.36 12.18 05.06 10.26 03.84 08.52 05.02 10.36 04.72 10.44 03.44 08.82
Hong test
- DAN 04.16 06.46 04.88 07.64 04.88 08.31 04.14 06.18 04.64 07.40 05.45 08.40
- PAR 04.37 06.62 04.83 07.64 05.60 08.52 04.26 06.50 04.66 07.64 05.52 08.43
Min - QS 04.18 06.60 04.80 07.62 05.46 08.40 04.14 06.18 04.60 07.16 05.32 08.38
- BAR 04.06 06.14 04.58 06.98 05.03 07.80 03.88 05.84 04.34 07.05 05.09 07.78
- TRON 05.54 08.64 06.72 10.16 06.40 09.62 05.56 08.60 06.26 09.68 06.46 10.02
- DAN 04.82 07.04 05.12 08.42 05.52 08.88 04.82 06.82 04.56 07.54 05.82 09.06
- PAR 04.86 07.06 05.14 08.00 04.64 08.36 04.56 06.94 04.54 07.54 05.20 08.56
Moy, - QS 04.14 06.50 04.96 08.30 04.74 07.56 04.60 07.06 04.14 07.38 05.56 09.02
- BAR 04.40 06.70 04.46 07.36 04.58 07.78 04.36 06.30 04.58 06.38 04.78 07.76
- TRON 08.16 11.56 10.56 14.92 12.52 17.70 07.26 10.60 08.46 12.06 15.48 10.78
- DAN 05.38 07.84 06.32 09.32 07.32 10.30 04.84 07.20 05.28 08.42 07.16 10.50
- PAR 05.22 07.70 06.14 09.48 06.66 09.94 04.74 07.36 05.72 08.76 06.22 09.60
Mz, - QS 04.62 07.06 06.14 09.32 04.72 07.58 04.86 07.36 05.06 07.98 06.34 10.04
- BAR 04.64 07.04 04.94 07.96 03.36 08.48 04.36 06.90 04.74 07.58 05.20 08.32
- TRON 09.76 13.86 11.62 16.66 09.80 15.00 08.82 12.14 10.42 14.22 12.48 17.84
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Table 1.2 Rejection rate in percentage under normal white noise of standard tests when

the parameter of the kernel is chosen from 2 to 15

n 64 128
5% | 10% | 5% | 10%
BP 25.76 | 40.84 | 22.94 | 40.44
LB _ 18.52 | 33.26 | 21.02 | 35.54
LM 19.10 | 34.48 | 16.92 | 30.46
Hong test

- DAN 09.48 | 14.14 | 09.32 | 13.48
- PAR 9.72 | 14.26 | 09.40 | 13.50
My, | - QS 09.50 | 14.06 | 09.36 | 13.26
- BAR 08.66 | 12.74 | 08.28 | 12.06
- TRON | 15.38 | 22.50 | 16.40 | 23.12

- DAN 08.70 | 13.36 | 09.92 | 15.30
- PAR 08.04 | 12.46 | 09.44 | 14.16
My, | - QS 08.34 | 12.86 | 09.66 | 14.70
- BAR 07.00 | 11.00 | 08.66 | 12.60
- TRON | 29.04 | 38.24 | 26.08 | 34.54

- DAN 10.66 | 16.16 | 12.26 | 18.56
- PAR 09.'58 14.58 | 10.36 | 15.40
Ms, | - QS 10.02 | 15.42 | 10.72 | 15.98
- BAR 07.60 | 11.72 | 09.04 | 13.08
- TRON | 35.98 | 45.08 | 31.20 | 41.72
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Table 1.3 Rejection rate in percentage under nonnormal (uniform) white noise of stan-

dard tests
n 64 128
Pn 7 10 8 13
5% | 10% | 5% | 10% | s% | 10% | 5% | 10% | s% | 10% | 5% | 10%
BP 07.06 13.84 07.68 14.44 08.10 14.48 06.84 13.14 06.68 12.02 05.66 10.88
LB 08.98 16.38 09.02 14.78 08.42 15.22 07.84 15.14 07.68 14.44 8.10 14.48
LM 06.44 12.28 05.12 11.26 03.98 10.06 05.80 10.62 04.42 10.68 03.22 08.80
Hong test
DAN 04.56 06.50 05.16 07.92 05.40 08.68 04.14 06.24 05.62 08.08 05.94 08.98
PAR 04.50 06.84 05.36 08.00 05.42 08.98 04.16 06.44 05.20 08.34 06.12 09.42
My, Qs 04.50 06.48 05.14 07.88 05.50 08.98 04.22 06.28 05.18 08.08 05.90 08.96
BAR 04.20 06.16 04.90 07.32 05.06 08.02 04.06 05.96 04.82 07.66 05.40 08.54
TRON 06.02 08.84 06.86 10.18 06.34 10.44 05.60 09.04 06.08 09.68 07.16 10.42
DAN 05.00 07.20 06.36 09.62 06.68 09.88 04.74 07.42 05.72 08.82 06.82 10.40
PAR 04.92 07.30 05.96 08.96 06.10 09.16 04.66 07.52 05.20 08.48 06.46 09.60
Maon Qs 04.82 07.14 06.16 09.20 06.10 09,48 04.70 07.30 05.42 08.46 06.60 09.96
BAR 04.44 06.72 05.28 08.70 05.30 08.26 04.48 06.82 04.80 07.86 05.94 09.36
TRON 10.12 13.42 12.18 16.82 12.50 18.18 07.34 10.96 08.76 13.12 12.18 16.82
DAN 05.34 | 07.90 07.48 11.28 08.34 12.00 5.10 07.86 06.26 09.36 07.94 11.82
PAR 05.36 07.86 07.00 10.72 07.52 10.86 04.98 07.88 05.80 09.18 Q07.36 10.88
Mzn Qs 05.16 07.52 07.12 10.92 07.86 10.86 04.88 07.72 05.90 09.18 07.60 11.34
BAR 04.64 06.90 05.70 09.04 06.04 09.40 04.60 06.98 05.20 08.16 06.36 9.82
TRON 11.14 15.16 12.00 17.26 16.28 15.36 08.76 12.70 10.62 15.38 13.70 19.44
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Table 1.4 Rejection rate in percentage under nonnormal (uniform) white noise of stan-

dard tests when the parameter of the kernel is chosen from 2 to 15

n 64 128
5% | 10% | 5% | 10%

BP 18.20 | 33.14 | 24.98 | 41.62
LB 18.20 | 33.14 | 21.02 | 36.66
LM 19.06 | 34.88 | 17.62 | 33.36

Hong test

_DAN | 10.10 | 14.36 | 09.26 | 13.80
_PAR | 10.38 | 1458 | 09.38 | 13.86

My, | -GS 10.08 | 14.32 | 09.04 | 13.70
_BAR | 09.08 | 12.80 | 08.00 | 12.40

- TRON | 16.68 | 24.08 | 16.42 | 24.40
_DAN | 10.34 | 15.50 | 10.16 | 14.80
_PAR | 09.56 | 14.22 | 09.42 | 13.92

My, | - QS 10.02 | 15.02 | 09.74 | 14.34
_BAR | 07.98 | 12.36 | 07.98 | 12.36

- TRON | 31:40 | 40.14 | 31.40 | 40.14
_DAN | 12.58 | 18.16  12.16 | 18.08
_PAR | 1144 | 16.18 | 10.56 | 15.44

M, | - QS 12.08 | 17.18 | 10.82 | 15.68
_BAR | 08.94 | 13.42 | 08.52 | 12.84

- TRON | 37.56 | 46.58 | 33.48 | 42.68
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Table 1.5 Rejection rate in percentage under AR(1) alternative of standard tests

n 64 128
Pn 7 10 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 25.46 37.35 18.15 28.79 14.84 23.08 47.61 62.28 36.99 50.84 29.20 41.09
LB 28.54 41.79 23.63 34.47 21.36 30.93 50.63 63.10 | 40.66 53.81 34.39 45.82
LM 23.85 36.63 15.07 27.20 10.14 20.72 47.96 61.15 37.00 52.38 25.11 37.49
Hong test
- DAN 32.71 39.48 28.32 35.13 25.70 32.06 65.10 71.70 57.24 64.40 50.09 58.10
- PAR 31.53 38.44 27.40 34.29 24.94 31.24 65.54 70.30 55.75 62.78 49.60 57.20
Min - QS 30.60 36.70 24.50 31.70 26.30 32.30 65.20 71.50 55.10 62.30 50.90 58.10
- BAR 33.34 39.79 30.00 36.84 27.61 34.14 66.30 70.30 61.26 67.63 56.00 63.40
- TRON 20.80 27.30 17.30 24.30 19.10 25.60 43.80 52.50 36.90 44.70 34.50 42.40
- DAN 35.40 41.50 31.60 38.20 27.40 34.40 63.80 71.40 58.70 65.80 58.70 51.60
- PAR 34.80 41.50 26.30 32.40 24.80 32.50 65.10 70.20 58.40 66.10 47.90 54.80
Mo, - QS 35.40 41.50 31.30 37.90 28.80 35.80 65.80 72.00 58.40 66.10 44.90 56.20
- BAR 36.10 43.80 32.40 39.00 28.80 35.80 66.90 73.20 60.50 67.50 54.50 62.70
- TRON 28.40 34.10 25.40 32.10 26.90 34.10 47.60 55.90 40.00 50.30 36.60 44.90
- DAN 36.70 | 43.30 31.20 39.30 31.00 37.30 66.10 72.70 59.60 67.20 50.60 59.10
- PAR 36.20 40.80 31.20 39.30 29.50 35.20 65.90 71.10 57.80 66.10 49.70 58.70
Mz, - Qs 37.00 42.50 33.60 40.10 30.70 36.70 66.00 72.50 59.40 67.20 48.80 58.20
- BAR 36.20 41.90 29.80 35.80 30.50 37.80 67.20 73.90 67.30 67.30 63.80 55.90
- TRON 28.40 34.10 30.20 36.90 28.20 34.40 24.40 32.60 43.50 53.60 41.10 51.20
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Table 1.6 Rejection rates in percentage under normal white noises of the data-driven

rate-optimal procedure

n 64 128
5% | 10% | %(pn = pamin) | 5% | 10% | %(pn = Dumin)
- DAN | 04.66 | 06.22 08.62 04.56 | 06.34 99.00
-PAR | 04.62 | 06.30 98.26 04.54 | 06.50 98.76
My, - QS 04.60 | 06.12 97.52 04.70 | 06.52 98.08
- BAR | 04.48 | 05.96 98.36 04.48 | 06.24 98.76
- TRON | 07.08 | 09.40 96.46 07.28 | 09.54 97.00
- DAN | 04.78 | 06.66 99.30 04.98 | 06.80 99.56
- PAR | 04.60 | 06.88 98.86 04.80 | 07.12 99.12
Mo, - QS 04.54 | 06.46 98.50 04.88 | 06.54 99.06
-BAR | 04.08 | 06.04 98.94 04.56 | 06.28 - 99.32
- TRON | 18.22 | 21.00 02.48 19.32 | 21.70 12.52
- DAN | 05.36 | 07.88 99.18 05.28 | 09.00 99.48
- PAR | 05.15 | 07.66 98.12 05.10 | 07.44 98.68
Ms, - QS 05.16 | 06.90 97.70 05.14 | 07.06 98.76
-BAR | 04.26 | 06.08 98.30 05.14 | 06.78 99.08
- TRON | 23.36 | 25.56 89.42 20.34 | 22.24 85.74
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Table 1.7 Rejection rates in percentage under non-normal (uniform) white noises of

the data-driven rate-optimal procedure

n 64 128
5% | 10% | 5% | 10%

_DAN | 05.86 | 07.72 | 05.10 | 07.20
“PAR | 05.68 | 07.65 | 05.00 | 07.46

My, | -QS | 0558 | 07.74 | 05.20 | 07.12
-BAR | 05.58 | 07.48 | 04.78 | 06.70
_TRON | 08.88 | 11.44 | 08.12 | 10.58
_DAN | 06.06  07.84 | 05.48 | 07.66
~PAR | 06.00 | 07.80  05.45 | 07.50

My, | -QS | 05.44 | 07.56 | 05.06 | 07.42
“BAR | 05.02 | 07.14 | 04.88 | 06.94
~TRON | 19.44 | 22.48 | 18.70 | 21.08
“DAN | 06.56 | 08.90 | 06.44 | 09.78
“PAR | 06.18 | 08.60 | 05.75 | 08.16

Ms, | -QS | 0562 08.36  05.56 | 07.80
~BAR | 05.08 07.16  04.98 | 07.02
~TRON | 24.28 | 26.26 | 23.45 | 25.15
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Table 1.8 Rejection rates in percentage under AR(1) alternative of the data-driven

rate-optimal procedure

n 64 128
5% | 10% | 5% | 10%
- DAN | 37.50 | 43.90 | 71.30 | 76.50
- PAR | 37.50 | 44.00 | 71.90 | 76.70
My, - QS 37.10 | 43.50 | 71.70 | 76.70
- BAR | 36.80 | 43.20 | 71.60 | 76.70
- TRON | 31.90 | 36.80 | 62.00 | 67.50
- DAN 39.60 46.00 | 76.40 | 80.70
- PAR | 39.50 | 45.60 | 75.20 | 80.50
Ms, - QS 39.30 | 45.60 | 75.70 | 80.50
- BAR 38.90 44.70 | 75.40 | 80.30
- TRON | 33.20 | 35.60 | 57.20 | 60.70
- DAN | 40.60 | 46.50 | 76.00 | 80.40
- PAR | 40.20 | 46.10 | 74.70 | 80.30
Mo, - QS 39.90 | 45.90 | 75.10 | 80.00
- BAR | 39.10 | 45.10 | 74.40 | 80.00
- TRON | 46.50 | 51.50 | 76.40 | 80.30
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CHAPTER II

A DATA-DRIVEN RATE-OPTIMAL PROCEDURE FOR TESTING
ARCH AND ACD EFFECTS : AN APPLICATION TO STOCK
MARKET DATA

Abstract

We apply the data-driven rate-optimal procedure presented in the first essay
for testing ARCH (autoregressive conditional heteroscedasticity) and ACD (au-
toregressive conditional duration) effects. This procedure allows to choose the
parameter of the kernels from data and renders the tests optimal. By simula-
tions, we find that the tests based on our data-driven rate-optimal procedure
have accurate levels and that they are more powerful than the LM, BP, LB
and Hong tests for ARCH and ACD effects. This conclusion is illustrated by

some applications of our tests to stock market data.
Key words : Rate-optimal test, serial correlation, spectral estimation, ARCH,

ACD, strong dependence.

2.1 Introduction

In 1982, Engle introduced for the first time the autoregressive conditional heterosce-
dasticity (ARCH) model which allows to capture the financial risks by the variation of
the variance of the residuals of financial models or financial time series. From the pers-
pective of econometric inference, neglect.ing the ARCH effects may lead to arbitrarily
large losses in asymptotic efficiency (Engle 1982) and cause overrejection of standard

tests for serial correlation in the conditional mean (Taylor 1984 ; Milhoj 1985 ; Diebold
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1987 ; Domowitz and Hakkio 1987). Weiss (1984) points out that ignoring ARCH ef-
fects will result in overparameterization of an ARMA model. In this regard, estimation
and testing for ARCH effects have recently attracted significant attention from resear-
chers. Furthermore, thanks to the capacity of some high technical tools like computers
with very large storage and high data treatment, data may be now collected at a very
high frequencies. Transaction data inherently arrive at irregular time intervals, while
standard econometric techniques are based on fixed time interval analysis. There is a
natural inclination for the econometricians to aggregate transaction data to some fixed
time intervals. Financial transactions arrive at every second and a very shorter time
interval is possible. If a short time interval is chosen, there will be many intervals with
no new information and heteroskedasticity of a particular form will be introduced into
the data. On the other hand, if a long interval is chosen, the micro structure features
of the data will be lost. Engle and Russell (1998) propose a statistical model for data
which arrive at irregular intervals. The model treats the time between events as a sto-
chastic process and proposes a new class of point processes with dependent arrival rates.
Because this model focuses on the expected duration between events, it is referred to
as the autoregressive conditional duration (ACD) model. The existence of ACD effects
may affect the variation of risks of financial time series, so detecting this effect is quite

useful in practice.

In practice, some tests are used to detect ARCH and ACD effects. The most popular
tests for ARCH and ACD effects are Ljuﬁg and Box (1970), Box and Pierce (1970) and
Engle’s (1982) Lagrange multiplier (LM) tests. Hong (1996) proposes a new class of tests
for serial correlation of unknown form which are based on the comparison between a
kernel-based spectral density estimator and the null spectral density, using a Quadratic
norm, the Hellinger metric, and the Kullback-Leibler information criterion respectively.
The advantage of this test is that it allows to use the lag of dependent variable like
a regressor without affecting the distributions of the statistics under the null hypothe-
sis. Furthermore, Hong’s statistics also allow to put the greater weight on the recent

information while the BP, LB and LM statistics put equal weight on all information.
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Hong demonstrates that his statistic with the truncated kernel is a generalized version
of the BP statistic. Hong and Shehadeh (1999) apply Hong’s statistics for ARCH effects
and they also find that their tests are more powerful than the BP, LB and LM tests
for ARCH effects. Furthermore their test.s have good levels for large fixed parameter of
the kernel q while the power of their tests are higher for a small fixed q. Duchesne and
Pacurar (2003) apply Hong tests for ACD effects and by simulations they also find that
Hong’s tests are much powerful than the BP and LB tests. These tests have always the
same problem. If the parameter of kernel m are larger, the level of the tests is better
but smaller m delivers higher power. So there is no optimal choice of this parameter. In
practice, users often apply these tests with different values of this parameter and reject
the tests if they reject at least one time. This procedure rejects the true null hypothesis

much more often than the significance level.

Hong and Shehadeh (1999) suggest to use Beltrao and Bloomfield’s (1987) procedure
for choosing the parameter of the kernel. However, they show by simulations that the
test for detecting ARCH effects overrejects under the null hypothesis. Furthermore, this
procedure is designed for estimating, not for testing purposes, so it does not render
the test more powerful. In fact, there are no optimal testing properties for the choice
of the kernel parameter. An adaptive rate-optimal procedure based on the maximum
approach may be considered, which consists in choosing as a test statistic the maximum
of the studendized statistics associated with a sequence of smoothing parameters. The
approach is used in Horowitz and Spokoiny (2001) to deal with detection of misspeci-
fication for the nonlinear model with heteroscedastic errors. Since the disadvantage of
this approach is that the critical value diverges as n increases, it is necessary to simulate

it for each sample size.

In this paper, we propose a data-driven rate-optimal procedure for testing ARCH and
ACD effects which are an extension of the procedure for testing serial correlation pre-
sented in the first essay. The tests based on the data-driven rate-optimal procedure have

multiple advantages in comparison with Hong’s (1996) statistics for ARCH and ACD
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effects. Firstly, the choice of the parameter of the kernel is not arbitrary but data-driven.
Our data-driven choice of this parameter relies on a specific criterion tailored for testing
purposes. This choice renders the test robust and more powerful and yields an adaptive
rate-optimal test. Secondly, the tests are‘ adaptive and rate optimal in the sense of Ho-
rowitz and Spokoiny (2001). Finally, the tests detect Pitman’s local alternatives with

rate that can be arbitrary close to n~1/2.

The paper includes four sections. The first section is an introduction. In the second
section, we present recent tests for ARCH effects and the data-driven rate optimal
procedure for testing ARCH effects. This section also presents the simulation results
and an application of these tests for daily stock return ARIMA models. The third
section talks about tests for ACD effects as well as simulation results. In this section,
we present an application of recent tests and our procedure for IBM duration data. The

last one is a conclusion.

2.2 Data-driven rate-optimal procedure for testing ARCH effects
2.2.1 ARCH model and standard tests for ARCH effects

Since the first introduction of the autoregressive conditional heteroscedasticity (ARCH)
model by Engle (1982), estimation and testing for dynamic conditional heteroscedas-
ticity of regression disturbances have recently attracted significant attention from re-
searchers. The ARCH model is quite useful in modeling the disturbance behavior of

regression models of economic and financial time series. Consider the model
Yo = g(@e, b0) + &, t=1,...,n (2.2.1)

with ARCH error
e = &h2 (2.2.2)

where y; is the dependent variable; x; is a dx1 vector containing exogenous variables

and lagged dependent variables; by is an Ix1 unknown true parametér vector in R';
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g(zs,b) is given, possibly nonlinear function such that for each b, g(.,b) is measu-
rable with respect to b in an open neighborhood N(by) of by almost surely, with
limin oo™ S8 Bsuppen(vy) [[Vog(Xe, 0) [|* < o and limgcon™ 71 Esuppe n(bo)
|V29(X;, b)) ||> < oo, where ||.|| is the Euclidean norm in R''. The function h; is a
positive, time varying, and measurable function with respect to ¥;_1. € is serially un-
correlated with E(e;) = 0 but its conditional variance, E(e?|;—1) = h;, may change
over time. For example, if h; follows an ARC H (qp) process, hy = g+ Y 1o ave2_, where
ag > 0 and «; > 0 to ensure positivity of he. If hy follows a GARCH (py, qp) process,

hi = ap+ Y00 ol .+ Z‘;":l Bjhi—_;, where ag > 0.

From the perspective of econometric inference, neglecting ARCH effects may lead to
arbitrarily large losses in asymptotic efficiency (Engle 1982) and cause overrejection
of standard tests for serial correlation in condition mean (Taylor 1984 ; Milhoj 1985;
Diebold 1987 ; Domowitz and Hakkio 1937). Weiss (1984) points out that ignoring the

ARCH effects will result in overparameterization of an ARMA model.

The most popular test for ARCH effects is the Engle (1982) Lagrange multiplier test
for ARCH(py). In the absence of ARCH effects, o; = 0 for all j > 0. In this case, we
have h; = «, a constant. So the null hypothesis of the LM test is o; = 0 for all j > 0.
The test is basea on the score and the information matrix under the null hypothesis.
Note that z; = (1,é/_,,& ,,...,é2 ), where ¢ is the residual of the regression of
(2.2.1) estimated by least squares. y; may not follow a normal law and (2.2.1) may
not be linear, but Engle (1982) supposes that y; follows N(X;b,h;) and in fact, he
suggests several functional forms for (2.2.1) but concentrates on the linear model for
analytic convenience and its plausibilit); as a data generating mechanism. Under the

null hypothesis, h; = h® = ag, we have 01/0a = R’z where B’ is the derivative scalar of

YFor the linear model, ie, ¢(X:b) = X{b, these dominance conditions reduce to

limncon™ D0 B[ X |* < 00
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hi. The score and the information matrix will be

ol n & R, o
ol _ N G gl =2 2.2.3
dao 2hogzt(h0 1) TR (223)
o’ 2
L, = -;- (%) EZ 2, (2.2.4)

where 1 is the likelihood with | = 1/T 22;1 l;, I, = —1/2logh, — 1/2¢%, and the LM
statistic is

£ = 17D, (2.2.5)

This form is also used by Breusch and Pagan (1978) for heteroscedasticity. This statistic
is asymptotically equivalent to T'R? where R? is the squared correlation coefficient
between f© and z. If we add a constant and multiply by a scalar, R? of the regression
does not change, so this R? is also R? of the regression of ¢? on q lags of é2. This statistic
is asymptotically x§ under Hy and is asymptotically locally most powerful if the true
alternative is ARCH(qo) with q fixed (cf. Engel 1982, 1984). Intuition behind this test is
very clear. If the data are homoskedastic, the variance cannot be predicted and variation
in €2 will be purely random. However, if ARCH effects are present, a large value of €2 will
be predicted by a large value of the past squared residuals. This statistic is widely used
because it is very simple to compute and relatively easy to derive. Lee (1991) shows that
a modified LM(q) test for GARCH(p,q) is the same as the LM(q) test for GARCH(p,q).
However, there are some important points which may affect the performance of the test.
The first and most obvious, if the model (2.2.1) is misspecified by omission of a relevant
regressor or by failure to account some non-linearity or serial correlation, it is quite
likely that the ARCH test will reject as these errors may induce serial correlation in the
squared error. Thus, one cannot simply assume that ARCH effects are present when the
ARCH test rejects. Secondly, the parameters of the ARCH(q) model must be positive.
Hence the ARCH test could be a one tailed test. When g=1 this is simple to do, but
for higher values of q, the procedures are not as clear. In many empirical applications,
it has been found that the ARCH model captures some important features of time

series data, such as nonlinear dependence, non-normality and over-dispersion. So the
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assumptions proposed in Engle (1982) are restrictive. Since this paper, many extensions
and generalizations of the ARCH model which address one of Engle’s assumptions in the
ARCH specification have appeared (see Engle and Bollerslev 1986 for a general survey).
The test for detecting the presence of ARCH is partially determined by the functional
form of the ARCH process. Furthermore, Pagan and Sabau (1987) have shown that
an incorrect functional form of the ARCH process for the errors of a regression model
can result in inconsistent maximum likelihood estimators of the regression parameters.
Along with the generalization of the ARCH model, LM tests for detection of ARCH
effects are developed. Bera and Higgins (1992) propose an LM test with a nonlinear
form of the model 2.2.1, Lee (1991) proposes an LM test for the GARCH model.

There are some other tests that are asymptotically equivalent to LM tests like the Box
and Pierce (BP) (1970) and Ljung and Box (LB) (1979) ones for the squared residuals.
Define u, = €?/03 — 1, where 02 = E(e?). Then under the null hypothesis of no ARCH

effects, u; is a white noise process. BP statistic is
q
BP(q) =n ) #(5), (2.2.6)
n

where p(j) = R(j)/R(0), j = 0,%1,...,%(n — 1) and R(j) = n™' % 41 G-
The test BP(q) as shown by McLeod and Li (1983), is asymptotically XZ under Hy.
In practice, a modified but asymptotically equivalent statistic, originally proposed by

Ljung and Box (1978),

LB(q) =n*)_5*(j)/(n — J), (2.2.7)

is often used for testing ARCH. The weights n/(n — j) are introduced to improve size
performance and do not affect asymptotic power. Granger and Terasvirta (1993) show
that the LM test is asymptotically equivalent to the BP(q) and LB(q) for a fixed q. The .
tests of BP(q), LB(q) and LM(q) put uniform or roughly uniform weights on q sample
autocorrelations. Intuitively, this might not be an optimal weighting scheme. For most
ARCH processes, the autocorrelation decays to zero as the lag increases. So a better

test should put greater weight on lower-order lags.
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Hong and Shehadeh (1999) propose a test for autoregressive conditional heteroscedasti-
city based on a weighted sum of the squared sample autocorrelation of squared residuals
from the regression, typically with greater weight given to the lower-order lags. Their
statistic is an application of the Mj, statistic of Hong (1996). They assume that &; is
iid with E(&) = 0, E(6?) = 1, E(£8) < co. In particular, they do not require the nor-
mality of & which may be too restrictive for many high frequency financial data. Their
tests detect if u; is a white noise process and the test does not require formulation of an
alternative. This is one of the test’s great advantages in comparison with the LM, BP
and LB tests. The white noise hypothesis implies a uniform normalized spectral density
or distribution function. When ARCH is present, the spectral density or distribution
function will not be uniform in general. Therefore, a test for Hy can be based on the
shape of the spectral density or the distribution function. Let f(w) be the normalized
spectral density function of u;. Consequently, f(w) = fo(w) = 1/27 for all frequencies
w € [—m, 7] under Hy. In contrast, fo(w) # f(w) in general when ARCH is present. It
follows that the test can be based on the L2 norm
™ 1/2

Qfifo) = |2 [ (1) = fotw)Pa| (228)

where f is a consistent spectral density estimator for f. A kernel estimation for f is given

by
+00
Flw)y=@m)™" 3" p(j)cos(w)) with w € [, ). (2.2.9)

J==—00

The statistic using (2.2.8) is

Min = ((1/2)nQ% (fa; fo) — Culk))/(2Dn (k)"

i=l

= (nni kK (3/9)6°(7) — Cn(k)) /(2Dn (K))}/?, (2.2.10)

where C (k) = Y720 (1 = j/n)k* (/) Du(k) = 720 (1 = 3/n)(1 = (5 + 1)/n)k* (5/9).

Under certain conditions on kernels and certain assumptions, the M, follows N(0,1).
Hong and Shehadeh (1999) show that when the truncated kernel is used, for a large

fixed q, M1, is a generalized BP test which is also equivalent to a generalized version
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of Engle’s (1982) LM test for ARCH. The truncated kernel gives equal weight to each
lag while most commonly used kernels typically give greater weight to lower order lags.
Because the better test should put greater weight on recent information, the My, with

kernels other than the truncated kernel will render the test more powerful.

The power of the BP, LB, LM and M, éests for ARCH effects depend on the choice of
q. However, there is no optimal choice of ¢ for these tests. The users often apply these
tests for different q and reject the null hypothesis when the tests reject for one or some
q. This procedure makes the tests exhibit overrejection under the null. It means that

the standard critical value is not valid in this case.

Hong and Shehadeh (1999) apply Beltrdo and Bloomfield’s procedure for choosing g
but the test exhibits overrejection under the null hypothesis and it is not more powerful
than the M, statistics for small fixed q. Furthermore, this procedure is tailored for
estimation, not for testing purposes, so it does not yield optimal properties for the

tests.

In the next section, we propose a data-driven rate-optimal procedure for testing ARCH
effects which are an extension of the procedure for testing serial correlation presented
in the first essay. These tests allow data-driven rate-optimal choice of q. The procedure
used to choose q is similar to that proposed by Guerre and Lavernge (2003) and Guay
and Guerre (2005). This procedure is tailored for testing purpose and it yields adaptive

rate-optimal tests in the sense of Horowitz and Spokoiny (2001).

2.2.2 Data-driven rate-optimal procedure for testing ARCH effects
2.2.2.1 Data-driven rate-optimal procedure and statistics

The null hypothesis Hp is strictly equivalent to f(w) = fo(w) = 1/(2n) for all w €
[—7,m]. The test statistics are based on the difference between f(w) and fo(w). If this
difference is large enough, the null hypothesis will be rejected. Let D(f1, f2) be a diver-
gence measure for two spectral densities fi, fo such that D(f1, f2) > 0and D(fy, f2) =0
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if and only if f1 = fo. The consistent test can be then based on D(fy; fo) where fois a
kernel estimator of f. The following examples of D are used for measuring the divergence
of f from fy: Quadratic norm :

a

1/2
afi o = [2or [ (F@) = )| (2211

—T
the Hellinger metric :

m / (fY%(w) - f&“(w))?dw} 1/2, (2.2.12)

™
-

H(f; fo) =

and the Kullback-Leibler information criterion :

1(fido) == [ In(F@)/fofw))fole)ds (2213)

Qn
where Q(f) = {we[—m,7]; f(w) > 0}. These measures are intuitively appealing and

have their own merits. The quadratic norm delivers a computationally convenient sta-
tistic that is simply a weighted average of squared sample autocorrelations with the
weights depending on the kernel. The Box and Pierce statistic can be viewed as based

on Q(fa, fo) with f» being a truncated periodogram.

The three statistics which are based on Q%(fx, fo), H*(fr, fo), I(fn, fo) are :

Myn = ((1/2)nQ* (fn; fo) — Cu(k))/(2Dn (k)"

n—1
= (n Y K6 /pn)p () - On<k>) /(2Dn ()2, (2.2.14)
j=l
Man, = (2nH?(fn, fo) — Cn(k)) /2D (k))V?, (2.2.15)
Ms,, = (nI(fn, fo) — C(k))/(2Dn (k)2 (2.2.16)

where Cn (k) = 021 (1 = 5/n)k(5/q), Dn(k) = 2724 (1 = 5/n)(1 = (5 + 1) /n)k* (j/q)-

Under some regularity conditions, Hong and Shehadeh (1999) show that the My, follows

N(0,1). In this paper, we propose a data-driven rate-optimal procedure which is based
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on the procedure for serial correlation presented in the first essay. The tests are adaptive

rate optimal in the sense of Horowitz and Spokoiny (2001). Define

qu = (1/2)nQ2(fn; f) - Cn(k)a (2'2'17>
Tag = 20H?(fn; fo) — Culk), (2.2.18)
Tsq = nI(f; fo) — Culk), (2.2.19)

Let Q be a set of possible values of q and J, be the number of the elements of Q. We

have :

Q= {Qmim Gmin + 1, aqma.r} ) (2.2.20)

where ¢mqn and ¢mqe, are chosen so that J, = Gmaz — @min tends to infinity when n tends
to infinity. To establish the optimal properties of the M;,(G) tests presented below 2,

we suppose that Jp, is Op(lnn) and gpmsn is Op(lninn).

To derive the statistics of the optimal procedure, we need the analytic form of the mean

and variance of T;,. Define

S(k) = nnf k*(j/q)R: (2.2.21)

j=1

which are the estimators of nZ;‘:—ll k2(j/q)R]2- and R(j), S(k), and T}, the unfeasible
approximation of R(]), S(k), and Tiq that ignores the effect of the estimation of the
parameter by of the model (2.2.1). To establish the next two lemmas, we suppose the

following assumption :

Assumption 2.2.1 (a) & is iid, with E(&), E(&2) = 1, and E(£}) < oo. (b) & is
independent of X for s < t. '

The next two Lemmas give us the mean and the variance of T;,. For these Lemmas, we

introduce here an additional notation : 2% = (z)* = max(z, 0).

2See chapter 1
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Lemma 2.2.1 Suppose that Assumption (2.2.1) holds. Then under the null,
ES(k) = (pa — 1)*Cr(k)
Var (§(k))
n—1 .

1
_ §3@<1_1i_>

, n
7=1

4((ps — 4pg + 6uq — 3 —1)2% — (g — 1)1
| H(ps = dpe + Gpa T)L(N4 )? = (pa — 1)%) S kk

; ANt
G_Q+G_h+h>>
n n

If ¢ diverges with ¢ = o(n) and k(.) is bounded,

j — dpg + 6pg — 3)2 — (pa — 1)?
5 (1 B l) (g — 1)+ (ps — 4pe M4n )" = (pa 1)

1<71<j2<n~1

ET, =0,

Var(S(k)) = (g — 1)*2D,(k), or Var(Tyq) = 2D, (k).

where Dy (k) = Y371 (1= 3/n)(1 = (5 + 1)/n)k*(5/q).
Proof : See the appendix.

Lemma 2.2.2 Suppose that Assumption 2.2.1 holds. If q diverges with ¢ = o(n) and
k(.) is bounded, then under the null,

E(Tiq) = 07

Var(ﬁ-q) = 2D,(k).

where 1=2, §.

Proof : See the appendix.

On a informal ground, the approach of Guerre and Lavergne (2004) favors a baseline
statistic Tiqo with the lowest variance among the Tiq with i=1, 2, 3. In our case, the

approximation of the standard deviation of Tiq is Uy = /2Dy (k) where D, (k) is defined
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above. It is easy to demonstrate that 2D, (k) obtains minimal value when ¢ is equal to

Gmin- Our statistic is the following :
Min(§) = Tig/ (2Dno (K))!/?,i = 1,2,3. (2.2.22)

where Dy, (k) = ;-‘:_11(1 —7/n)(1 = (5 + 1)/n)k*(5/qmin). The chosen q is the solution
of

q = argmazeq {Tiq - 'Yn{’q,qo} = argmaleeqQ {Tiq — Tigo — 'Ynf’q,qo} (2.2.23)

where v, > 0 and 0g 4, = /2D, (k) + 2Dy, (k) — 4D, the approximation of asymp-
totic null standard deviation of Ty, — Tiqe- Our criterion for the choice of the kernel
parameter penalizes each statistic by a quantity proportional to its standard deviation.
Comparing our tests to the M;,, our tests inherit the power properties of each Tiq, up

to a term v,7,,4,. Indeed, the definition of § yields

Tié = max {Tiq - 'Ynf’q,qo} + Ynlq,q0 = Tiq — Ug,90» (2.2.24)

for any ¢ € . As a sequence, a lower bound for the power of the test is

P (T > 00 Za) > P (Tiq > 0y Za + Tabago ) (2.2.25)
for any ¢ € () and i=1, 2, 3.
Since Ugq 4, = 0, we have the following implication of 2.2.25
P Ty, > 00 20) > P (Tigy > By Za) (2.2.26)
for any ¢ € Q.

The last equation shows that our statistics are more powerful than M;,, i=1, 2, 3.

2.2.2.2 Asymptotic null distribution

To establish the asymptotic null distribution of our test, besides assumption 2.2.1 we

assume the following conditions :
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Assumption 2.2.2 (a) For each b € B C R, where | € N, g(.,b) is a measurable
function, and (b) g(X,,.) is twice differentiable with respect to b in an open convex
neighborhood N(bg) of by € B with limp,_.con™ Y1) Esuppen () |Vo9(Xi,b) |4 < oo
and limy—eon ™! Y1) Esuppen vy |[VE9(Xt, ) | < 00, where V,, and Vi are the gra-

dient and Hessian operators, respectively.
Assumption 2.2.3 n'/2(b—by) = 0p(1).
We impose the following condition for k(z) :

Assumption 2.2.4 k :R — [-1,1] is a symmetric function that is continuous at zero

and at all but a finite number of points, with k(0)=1 and [ k*(z)dz < oo.

The conditions that k(0)=1 and k is continuous at 0 imply that for j small relative to
n, the weight given to p(j) is close to unity (the maximum weight) and the higher j is,
the less weight is put on p(j). This is reasonable because for most stationary processes,
the autorocorrelation decays to zero as the lag increases. Assumption 2.2.4 includes the
Barlett, Daniell, general Tukey, Parzen, Quadratic-Spectral (QS) and truncated kernels
(e.g, Priestley (1981, p. 441)). Of them, the Barlett, general Tukey, and Pazen ones are
of compact support, i.e. k(z)=0 for |z| > 1. For these kernels, q is called the "the lag
truncation number”, because lags of order j > ¢ receive zero weight. In contrast, the
Daniel and QS kernels are of unbounded support; here p is not a “truncated point”,

but determines the “degree of smoothing” for fn
For 2.2.15 and 2.2.16, we impose the following additional condition on k :

Assumption 2.2.5

/7r lb(2)|dz < 00 and K(\) = (1/27r)/°° k(z)e™™dz > 0 for Ae(—00,00).

- —0o0

This absolute integrability of k ensures that its Fourier transform K exists. Assumptions

2.2.4, 2.2.5 includes the Barlett, Daniel, Parzen, and QS kernels, but rules out the
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truncated and general Tukey kernels.

Hong and Shehadeh (1999) show that under assumptions 2.2.1 and 2.2.4, M, follows
N(0,1). The next theorem gives us the asymptotic distribution of M;, and M, for
ARCH effects.

Theorem 2.2.1 Under assumptions 2.2.1-2.2.5 and ¢ — 00,q/n — 0, ¢3/n — 0. Then
Mag, = Mip = 05(1), Msy, = My, = 0,(1), Man > N(0,1), Msy - N(0,1).

The proof of this theorem is the same as that of theorem 3 of Hong (1996). The statistics

Moy, Ms, in the above theorem are simply an extension of those of Hong (1996) for

ARCH effects.

The distributions of the statistics of the data-driven rate-optimal procedure are given -

in the next two theorem.

Theorem 2.2.2 Suppose that Assumptions 2.2.1-2.2.4 hold and Gmin, — 00 and ¢un/n —

0, when n — 0o. Let v, — 0o with

n 2 (1+n)v2InJy,, (2.2.27)

for some n > 0, then Pr(M1,(q) > zq) 4 o with 2z, the standard normal critical value.

Theorem 2.2.3 Suppose Assumptions 2.2.1-2.2.5 hold. Let ¢ — 0o, ¢°/n — 0. Then
(qu - Tzq)/@q,qmm = op(1), (qu - Tzq)/@q,pmm =0p(1), Vg€ Q,
and
Pr(Man(@) > Za) 5 o, Pr(Msn(q) 2 Za) = o

with Zy, standard normal critical value.
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The data driven choice of the kernel parameter favors gm;, under the null hypothesis.

Indeed, since Ti,q — Ti,qmm is order of ¥44,.,. under Hy, ¢ = gmin asymptotically under
Hy if 7, diverges fast enough. Hence the null limit distribution of our statistic is the one
of Ti)qmm/ﬁqmm, that is standard normal, our tests have bounded critical values. This
is an advantage of our statistics in comparison with the statistics using the maximum
approaches. Under the null hypothesis, the tests based on our procedure are equivalent
to the classes of tests Mj,, i=1, 2, 3 of Hong (1996), but the fact that 7} ,/0,,... is
larger than Ti,q/@q under the alternative hypothesis will make the tests based on our

procedure more powerful at no cost.

The data-driven rate-optimal procedure for testing ARCH effects has the following
advantages in comparison with the LM, BP, LB and M;, tests, i=1, 2, 3 : (1) the
choice of the parameter of the kernel is not arbitrary but data-driven. Our data-driven
choice of this parameter relies on a specific criterion tailored for testing purposes. This
choice renders the test robust and more powerful and yields an adaptive rate-optimal
test; (2) the test is adaptive and rate optimal in the sense of Horowitz and Spokoiny
(2001) ; (3) the test detects Pitman'’s local alternatives with a rate that can be arbitrary

close to n~1/2 (see the first essay for details).

2.2.3 Simulation results

We now study the finite-sample performances of our tests in comparison with a variety
of existing ARCH tests. Consider the following DGP : y, = Xt'bo +6, €= {thz/z, where
§ is NID(0,1) and X; = (1,m¢) with my = Mmy—, + v; and v, is NID(0, 02). This
m@del was first used by Engle, Henry and Trumble (1985). We consider three processes
for by : (D) hy=w; (2) he =w+ ae?_;; (3) hy =w + ae’_; + Bh_1.

Under (1), ARCH is not present. This process allows us to examine the sizes. Alternative
(2) is an ARCH(1) process often examined in existing simulation studies (e.g., Engle
et al. 1985; Diebold and Pauly 1989; Luukkonen, Saikkonen, and Terasvirta 1988 ;
Bollerslev and Wooldridge 1992 ; Lee and King 1993, Hong and Shehadeh 1999). Finally,
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the alternative (3) is a GARCH(1,1). The GARCH model has been the workhorse in the
literature. We set by = (1, 1)' and w = 1. For the exogenous variables m;, we set A = 0.8
and o2 = 4. For alternative (2), we set & = 0.3 and o = 0.95, and for alternative (3), we
choose the combination @ = 0.3, 8 = 0.2'and « = 0.5, § = 0.2. The parameters are also
used in Hong and Shehadeh (1999). The sample sizes used are n=64, 128. For each n, we
set the initial value of Y to equal zero and generate 2n+1 observations but we discard
the first n+1 observations to reduce the effects of initial value. Our simulation programs
are written in matlab language. For the statistics Ma,, Ms,, we use the approximation
methods to calculate the integral. Let —m = 29 < 27 < 29 < ... < z, = 7 where

Tiv1 —xi=h, 1=0, 1, 2,...,n— 1, n=80 and h = 27/n. We have

T n—1
| t@ds = 3" 05(5(win) - flz)h (2.2.28)
- i=0

For the simulation exercises, for each test, we take 5000 replications under the null

hypothesis and 1000 replications under each alternative.

For the Hong, BP, LB and LM tests, like in the first essay, three different values of ¢
are used to examine the effects of using different q : (i) ¢ = [In(n)]; (ii) ¢ = [3n%?];
(iii) ¢ = [3n%3], where [a] denotes the integer closest to a. These rates are g=4, 7, 10

for n=64; q=5, 8, 13 for n=128.

For our procedure, we set the band {gmin, - - - ; @maz } With gmin = maz[round(in(in(n)), 2],
2)% and Gmaez = [6lnn]. 1 in 2.2.23 is chosen to equal 0.5. By simulations, we see that

the value of 77 has a limited effect on the power of the tests.

Table 2.1 presents the rejection rate in percentage under no ARCH effect of the standard
tests. For both samples, the LM, BP and LB tests all tend to under-reject for large q,
most seriously for the LM test. This result is compatible to that found in Hong and
Shehadeh (1999). Hong’s (1996) test with all kernel other than the truncated kernel have

reasonable size at the 5% level but have greater difficulties of getting it right at the 10%

3Since Dn(k) = 0 when g = 1 for the Bartlett kernel, gmin must be higher than 1.
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level. The My, and M3, have better size at the 10% level for all kernels other than the
truncated kernel. The latter with the My, and Ms, statistics exhibit overrejection at

the 5%.

Hong and Shehadeh (1999) apply Beltrdo and Bloomfield’s (1987) data-driven procedure
which is also called cross-validation to choose q for the M, statistic with the Daniell
kernel. By simulations, they find that this statistic has 7.79% rejection rate under the
null hypothesis at the 5% level. In practice, since there is no optimal choice of the
parameter of the kernel, the users often apply the tests for many value of g, observe the
results and determine to reject if they reject for at least one value of q. In this case, the
level of the tests is not good and the tests tend to have overrejection. The rejection rate
of standard tests under the null hypothesis when the tests are applied for q from 2 to
15 is presented in table 2.2 show that all tests exhibit a large overrejection. This is a

disadvantage of these tests.

Table 2.7 presents the rate of rejection of the tests based on our procedure under the null
hypothesis. The tests with all kernels other than the truncated kernel have reasonable
rate at 5% but like Hong’s tests, they have greater difficulties of getting it right at the
10% level. For the M, and Ms,,, the Daniell kernel rejects a little more often than the
other kernels other than the truncated kernel but the Barlett kernel rejection rate is a
little smaller than that of other kernels. The My, and M3, tend to have higher rejection
rates than the Mji,. The truncated kernel always exhibits overrejection at the 5% and

has overrejection at 10% for the My, and Mj,.

Table 2.3 and 2.4 present the power of standard tests under the ARCH(1) alternative
with the coefficients 0.3 and 0.5. For all tests, the power is much higher under the
ARCH(1) with the ARCH coefficient o = 0.95 than under the ARCH(1) with a = 0.3.
In two cases, the rejection rate of the tests is higher for small q. We find that Hong’s
statistics with kernels other than the truncated kernel are more powerful than the LM,
BP and LB statistics. The rejection rate of the M;,, i=1, 2, 3 statistics with the trun-

cated kernel are higher than the LM, LB, BP statistics but it may be compensated by
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the overrejection of this kernel under the null while the LM, LB, BP statistics under-
reject under the null. With Beltrdo and Bloomfield’s (1987) cross-validation procedure
for choosing q, Hong and Shehadeh (1999) find that the M, with the Daniell kernel is

less powerful than the M, for small fixed q.

We find that for the M;,, i=1, 2, 3 under alternatives (1) and (2), the rejection rate of
the Barlett kernel is almost the highest. This result is surprising because Hong (1996)

demonstrates that the Daniell kernel maximizes the power of the M,,, i=1, 2, 3.

The rejection rate of standard tests under the GARCH(1,1) with coefficients (o =
03,6 =0.2), (a« = 0.5,8 = 0.2) is respectively presented in tables 2.5, 2.6. The M;,,
i=1, 2, 3 statistics with all kernels other than the truncated kernel are the highest. And
for all tests, the rejection rate is higher when the coefficient of ARCH part is larger. It
means that the tests detect ARCH effecté better when the coefficient is large. The M;,,
i=1, 2, 3 statistics with the truncated kernel are always less powerful than the ones with

other kernels which give higher weight to the most recent information.

Table 2.8 presents the rejection rate of the data-driven rate-optimal procedure under
the ARCH(1) alternative. Like the standard tests, our tests detect ARCH effects better
when the coefficient of ARCH is large. When the ARCH coefficient is equal to 0.3, our
tests are more powerful in a small sample size (n=64 in this case) than the LM, BP,
LB and M;,, i=1,2,3 statistics for all fixed q, but when n=128, the rejection rate of
our tests are similar to the M;,, i=1, 2, 3 statistics rejection rate for small fixed g, but
they are more powerful for large fixed q. When the coefficient of ARCH is equal to 0.95,
the tests based on the optimal procedure are more powerful than the M;,, i=1, 2, 3
statistics for all fixed q and also for q chosen by the cross-validation procedure since the
latter is less powerful for small fixed q. The results obtained show that the tests based
on our optimal procedure are much more powerful than the standard tests for ARCH
effect with large coefficients. These results are very plausible because for most financial
models, ARCH coefficients are large. The rejection rate of the truncated kernel with

the tests based on our procedure is higher than that of other kernels. This result is not
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surprising because the level of this kernel exhibits overrejection and its power may be

compensated by this overrejection.

The rejection rate of the data-driven rate-optimal procedure under GARCH(1,1) with
coefficients (¢ = 0.3, § = 0.2), (« = 0.5, § = 0.2) is presented in table 2.9. When
(e = 0.3, 8 =0.2) and n = 64, the rejection rate of the M, (§) is less than that of the
My, for small fixed q but the M;,(§), i=2, 3, are more powerful than the M;,, i = 2,3
for all fixed q. When the ARCH coefficient is larger (« = 0.5), the tests based on the
data-driven rate-optimal procedure are more powerful than Hong's statistics for fixed g

and also for q chosen by the cross-validation procedure.

For our procedure, we find that the rejection rate of the Daniell kernel is always highest
under alternative of ARCH effects. This result is not surprising since in the first essay,
we find that this kernel maximizes the lower bound for power of the M;,(§), i =1, 2, 3

statistics.

In summary, all tests detect ARCH effects better when the coefficient of ARCH is large.
The BP, LB and LM statistics exhibit much underrejection under the null hypothesis
at the 5% and the 10% levels. The M,, statistics exhibit underrejection at 5% and
10% for a small sample. When the sample is larger (n=128), the M;, have reasonable
performance at 5% but they also underreject at the 10% level. When q is larger, the
level of the M;, is better. But the power of the M, statistics and the LB, BP, LM
statistics are higher when q is small. So there is no optimal choice of . In this case, the
applicants often do these tests with different values of q and reject if they reject for at
least one value of q. This procedure makes the tests exhibit an overrejection under the
null hypothesis. The data-driven rate-optimal procedure detects ARCH effects much
better than the standard tests for all fixed q or for q chosen by Beltrdo and Bloomfield
(1987) cross-validation procedure but like the M, statistics, they exhibit underrejection
at the 10% level. For the data-driven rate-optimal procedure for ARCH effects, different

kernels may render a little different power of tests under alternative.
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2.2.4 Empirical application

In this section, we want to apply the data-driven rate-optimal procedure for stock return
data. We take a sample of 3392 daily prices from the Data Stream for General Motors,
IBM and S&P. 500, and compute the daily returns as 100 times the difference of the
log of the prices. The samples range from April 7 1986 to April 7 1999. These data are

downloaded from Engle Robert F.’s personal web site.

Since Box-Jenkins (1970), ARIMA models for return time series modeling have been
introduced, many recent researches have modeled stock return as an ARIMA model
(Fama and French, 1988, Ou and Penman, 1989, and Aburachis and Kish, 1999). We
apply ARIMA(p,d,q) model for the stock returns. Using the augmented Dickey Fuller
test for the three series, we always reject the null hypothesis of unit root for all se-
ries. Figure 2.1-2.3 show that these three series fluctuate around zero and there is no

determined trend.

To identify the nature of the three series, we ﬁfst observe the ordinary autocorrelation
function (ACF) and the partial autocorrelation function (PAFC) (see figure 2.4). The
significance of the sample ordinary and partial autocorrelations is evaluated through
a comparison with +1.967771/2 = 0.033. We see that all ACF and PAFC of IBM are
not significant. AFC and PAFC order 2 of GM are significant and AFC and PAFC
of orders 2, 4, 5 of P&S are also significant. The data-driven rate-optimal procedure
for testing serial correlation strongly rejects the non-autocorrelations of GM and P&S
daily returns processes for all kernels (see table 2.11) but they fail to reject the null

hypothesis of non-autocorrelations of IBM daily returns. The latter may be white noise.

Secondly, we apply the Hannan and Rissanen (1982) procedure to identify the nature
of GM and P&S processes. Let us consider a sample of T observations of a stationary

series y; whose true underlying stochastic process is an ARM A(px*, g*).

— Firstly, approximate the process by some AR(K) process, for different values of K,
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from 1 to 10. For each values of K, estimate the following equation :

Yt = 0 + Pr1Ye—1 + Or2Yi—2 + . + GrkYi—k + €kss

and get [7,%, i.e the estimate of residual variance.
— For each value of k, compute the Akaike information criterion : [log(r?C -+ %}, and
choose K™ that minimizes this criterion.

— Compute the residuals associated with the AR(k*) approximation :

€k = Yp — 0 — Pre1Ys—1 — PrroYi-2 ~ o — PrrkrYr—kr
— Compute the OLS estimator of the model below, for different combinations of p and
q:
Yo =06+ 1ys—1 + Govs—2 + ... + Ppyrp + O1€x 1 + o+ Og€rp_g + e,

and get c“rfm =71 Zle é?. In practice, we can choose p < K*, and restrict the
alternative values of p and q such as p 4+ ¢ < K*.
— For each considered pair (p,q), compute the following criterion : [log&glq + M],
and choose the 2 or 3 models that minimize this criterion.
Then, we apply the data-driven rate-optimal procedure to detect if there is autocorre-
lation of the residuals of the models. If the model is not well specified, the residuals are
serial correlated and the tests based on the data-driven rate-optimal procedure are the

most powerful recent tests for autocorrelation and they also allow data driven choice of

the parameter of kernels. And we find the nature of the three processes

— IBM is a white noise.

- GM is an AR(2)
GM,= 0.023561 — 0.000548 GM;-; — 0.058218* GM,—5 +e

(0.029369)  (0.017172) (0.017176)
- SP is an ARMA(4,1).
SP= 0.051"— 0.611*SP,_1— 0.045*SP,_o— 0.060*SP,_3— 0.065*SP,_4
(0.016) (0.166) (0.020) (0.022) (0.017)

+ 0627, + e
(0.166)
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We now test if the volatility of the series follows an ARCH or if there are ARCH effects.
For the LM, BP, LB and M,, statistics, we take ¢ = 8 and 15. All tests strongly reject
the null hypothesis of non ARCH effects. This result is not surprising because many
researchers find that the volatility of stock return follows an ARCH. The LB and BP
statistics are very similar for all models and for all fixed q applied. For the M, statistics,
the Barlett kernel always gives the highest statistic and the truncated kernel gives the
smallest statistic. The statistics of our procedure for testing ARCH effects are much

higher than the M,,, statistics for all kernels.

We now want to model these three processes as an ARIMA-GARCH model and we also
want to test if the model is well specified. The latter holds if u; = €7/h; — 1 is i.1.d where
e are ordinary residuals of the model and h; = E(e?) = ap+ D io; el + Z?OZI Bihe—;.
Table 2.14 presents all standard tests when IBM, GM, SP are modeled respectively
as ARMA(0,0)-ARCH(2), ARMA(2,0)-ARCH(3) and ARMA(4,1)-ARCH(3). We find
that the BP, LB and LM tests reject the null hypothesis of non-autocorrelation for all
models. For the IBM model, when the parameter of the kernel ¢ = 8, Hong’s tests with
the Daniell and Parzen kernels can not reject the null hypothesis. When the parameter
q is larger (15), Hong’s tests with all kernels strongly reject the hypothesis of non-
autocorrelation. For the GM and S&P models, with ¢ = 8, Hong’s tests with all kernels
other than the truncated kernel fail to reject the null hypothesis. However, when ¢ = 15,
they strongly reject the null hypothesis. The results of the tests based on our procedure
are presented in table 2.15. We see that our tests strongly reject the null hypothesis for
all models. These results may confirm that the our procedure yields more powerful tests

than those of Hong (1996).

When IBM, GM, SP are modeled respectively as ARMA(0,0)-ARCH(3), ARMA(2,0)-
ARCH(4) and ARMA(4,1)-ARCH(4), all tests, included the data-driven rate-optimal
procedure don’t reject the null hypothesis*. This means that these models are well

specified.

“Since the results of all tests are similar, we don’t present them.



83

2.3 ACD model and data-driven rate-optimal procedure for testing

ACD effects
2.3.1 ACD model and standard. tests for ACD effects

With the rapid development in computing power and storage capacity, data are being
collected and analyzed at ever higher frequencies. For many types of data, the ultimate
in high frequency data collection has been reached and every transaction is recorded.
Since the quantity purchased in a period of time is often the key economic variable to
be modeled or forecast, it is natural to study the timing on a transaction by transaction
basis, so again the timing of the transactions can be central to understanding the econo-
mics. The transaction data inherently arrive in irregular time intervals, while standard
econometric techniques are based on fixed time interval analysis. There is a natural
inclination for the econometricians to aggregate transaction data to some fixed time
interval. Financial transactions arrive each second and a very shorter interval time is
appropriate. If a short time interval is chosen, there will be many intervals with no new
information and heteroskedasticity of a particular form will be introduced into the data.
On the other hand, if a long interval is chosen, the micro structure features of the data
will be lost. Engle and Russell (1998) propose a statistical model for data which arrive
at irregular intervals. The model treats the time between events as a stochastic process
and proposes a new class of point processes with dependent arrival rates. Because this
model focuses on the expected duration between events, it is called the autoregressive

conditional duration (ACD) model.

The ACD model is most conveniently specified in terms of the conditional density of the
duration. Consider the ACD model of Engle and Russell model. Letting z; = t; — ;-1
be the interval between two arrival times, which will be called the duration, the density
of x; conditional on past z will be specified directly. Let #; be the expectation of the

i" duration, which is given by

E@i|zio, . 21) = ¥i(Tica, o 213 0) = (2.3.29)
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Let the ACD class of models consist of parameterizations of 2.3.29 and the assumption
that
Iy = 1/)i€i (2330)

where ¢; 1.i.d with density p(e; @), and 6 and ¢ are variation free. We see that in this
model the conditional expectation of the duration will depend upon the past duration.

A simple functional form for z; is the p-memory conditional duration process
p
1/)i =w + Z Qi Ti—j. (2331)
j=1

This equation is denoted ACD(p) where the conditional duration 1; depends on the
most recent duration. The constant p is a fixed integer. To ensure that 4; is strictly
positive for all realizations of x;, i=1, ..., n, it is required that w > 0 and a; > 0, j=1,
..., p. A more general model without the limited memory characteristic is
P q
Yi=w+ > oyzi;+ Y Bitij, (2.3.32)
j=i j=0
which will be called an ACD(p,q) where the p and g refer to the orders of the lags.
To ensure that ; is strictly positive for all realizations of ;, a sufficient condition is
that w > 0, o; > 0, j=1, ..., pand 8 > 0, oy > 0, j=1, ..., q. Model 2.3.32 can also
be formulated as an ARMA(p,q) model for durations. Letting 7, = z; — %; which is a
Martingale difference sequence by constr.uction, the duration process can be expressed

as
maz(p,q)

q
T; =w+ Z (Otj + ﬁj)xi_j — Z ﬁjm_j + n; (2.3.33)
j=0 J=0

which is an ARMA (p,q) process with highly non-Gaussian innovations. Engle and Rus-
sell (1998) also propose some extensions of model 2.3.32 which correspond to the distri-
butional assumption on the probability density p. or to the nonlinear functional form
of model 2.3.32. When p.(.) is Weibull, the model is called WACD and when p.(.) is ex-
ponential, the model is denoted EACD. Grammig and Maurer (2000) consider the Burr
distribution for p¢(.) which includes the EACD and WACD as special cases. Tsay (2002)

proposes a gamma model with gamma distribution of p.(.) and the resulting model is
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often called the GACD model. Bauwens and Giot (2000) consider a logarithmic version
of the ACD model that avoids the non-negativity constraints implied by the original
specification so as to facilitate the testing of market microstructure hypotheses. Bau-
wens and Veredas (1999) propose the stochastic conditional duration process, leaning
upon a latent stochastic factor to capture the unobserved random flow of information in
the market. Ghysels, Gouriéroux and Jasiak (2003) introduce the stochastic volatility
duration model to cope with higher order dynamics in the duration process. A nonlinear
version based on self-exciting threshold autoregressive processes has been proposed by
Zhang, Russell and Tsay (2001). Fernandes and Grammig (2005) develop a family of
autoregressive conditional duration (ACD) models that encompasses most specifications
in the literature. Cosma and Galli (2005) work with a nonparametric ACD model and
by simulations they find that this model yields better estimates than the ones delivered

by an incorrectly specified parametric model.

Before formulating a particular model for the conditional duration, it is necessary to
verify if there is evidence of duration clustering in arrival time. Under the general linear
process 2.3.31, the null hypothesis of no ACD effects is Hy : 8; = 0 for all 7 > 0. The
alternative hypothesis that ACD effects are present is H, : 3; > 0 for all j > 0 with at
least one strict inequality. In the literature, commonly used tests for ACD effects are
BP, LB tests for the raw duration z;. Duchesne and Pacurar (2003) apply the M;,, i=1,
2, 3 statistics of Hong (1996) for ACD effects. By simulations, they show that M;, with
kernels other than the truncated kernel are more powerful than the BP and LB tests.
This result can be explained by the fact that the truncated kernel puts equal weight on
all p, sample autocorrelations of x;, but intuitively, this might not be optimal because
for most stationary processes the autocorrelation decays to zero as the lag increases.
The M, statistic is a generalized BP statistic. The M;, are more powerful than the BP
and LB statistics since there are many better kernels which allow to put more weight

on recent information.

The power of the BP, LB and M,, statistics depend on the choice of the parameter m
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of the kernel. However, there is no optimal choice of this parameter. Users often apply
these tests with different values of m and reject the null hypothesis if it is rejected for
one or some values of m. This approach may make the test over-reject. In the next

section, we present an optimal procedure for the choice of this parameter.

2.3.2 Data-driven rate-optimal procedure for testing ACD effects

We would like apply the data-driven rate-optimal procedure for testing ACD effects.
Define the statistics
M, = Ty /(2Dng (k)24 = 1,2,3, (2.3.34)

where 7 is the solution of

m; = argmaZme M {sz - 'Yn{}m,mo} = argmaZme M {sz - Emo - 'anam,mo}

(2.3.35)
and

Tim = (1/2)nQ%(fn; f) — Culk), (2.3.36)
Tom = 20H?(fn; fo) = Culk), (2.3.37)
Tam = nl(f; fo) — Calk), (2.3.38)

R +co
Flw)y=0m™" > pj)cos(wy) with w € [—m, 7], (2.3.39)

j=-00

M= {mmim Mmin + 1,000 >mma9:} ) (2.3.40)

and p(7) is autocorrelation of order j of x;, Cp, (k) = Z;‘;ll(l—j/n),’c2 (7/m) and D,o(k) =
o1 (1= 3/m)(1 = (G + 1)/m)k 5/ mmin).

To derive the statistics of the optimal procedure, we need the analytic form of the mean

and the variance of T;,,. Define

S(k) = nE k2(i/m)R?(4). (2.3.41)
=1
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Lemma 2.3.1 Assume that x; has eight-order bounded moments 0, 0%, us, ...us under

Hy. Then under the null,

ES(k) = o*'Cn(k),

) 2 _ 870l
Var(3(k)) = o%2Dn(k) + “1—2 ST kA (j/m)(1 — j/n)
j=1

n

4(pg0® — 0®) 2 2 17/ (i +
o > R/mEGe/m) (1= 1/ + (1= (Gr 4 52)/n)T)
1<51<j2<n—1

If p, diverges with p, = o(n) and k(.) ts bounded,
ES(k) = 6*Cp(k), or E(Tim) =0
Var(S(k)) = 632D, (k), or Var(Tim) = 2D,(k),
where Dy (k) = 2020 (1 = j/n)(1 = (§ + 1)/n)k*(/m).
Lemma 2.3.2 Assume that x; has four-order bounded moments 02, us, pa under Hg

and p, diverges with p3 = o(n) and k(.) is bounded,

ETm = 0,
Var(Tim) = 2D,(k),

where 1=2, 3.

Hong (1996) uses 2D,(k) as an asymptotic variance of T}, without proof.
The next two theorems show that when ~, diverges fast enough, m — mp;, and

Min () — N(0,1).

Theorem 2.3.1 Suppose that Assumption 2.2.4 holds and My, — 00 and Mpin /1 —

0 when n — oco. Let v, — 0o with

Yo 2 (14 m)V2InJy, (2.3.42)

for some n > 0, then Pr (M, (/) > z4) 2y o with 2, standard normal critical value.
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Theorem 2.3.2 Suppose Assumption 2.2.4 and 2.2.5 hold. Let m — oo, m®/n — 0.
Then

(Tlm - TQm)/@m,mmin = Op(1)> (Tlm - sz)/@m,mmm = Op(l)a Ym € M,

and Pr(Map (7)) > Zo 5 o, Pr(Map (1)) > Zo 2 a with Zq, standard normal critical
value.

Since sz — Ti,mmm is order of U, m,,,, under Hy, m = M, asymptotically under Hg
if v, diverges fast enough. Hence the null limit distribution of our statistic is the one

of T}

1,9min

/Vgomin» that is standard normal and our statistics have bounded critical value.
This is an advantage of our statistics in comparison with the statistics using maximum
approaches. Under the null hypothesis, our procedure is equivalent to the classes of tests
M, i=1, 2, 3 of Hong (1996), but the fact that Ti,m/ﬁmmm is larger than Tiym/ﬂm under

the alternative hypothesis will make our procedure more powerful at no cost.

With the optimal procedure, the tests M;, (M) allow optimal data driven choice of m
and they are optimal in the sense of Horowitz and Spokoiny (2001). Furthermore, they

detect Pitman’s local alternative at n=1/2((In(lnn))/* that is closer to n~1/2.

2.3.3 Simulation results

In this section, we study the level and ‘the power of standard tests and our optimal
procedure for testing ACD effects. Under Hy, the process X = {X;,7 € Z} is an i.i.d
stochastic process. In order to study the level of the tests, we consider the process
defined by 2.3.30 and set 9 = 1. Like Duchesne and Pacurar (2003), the distribution of
€; 1s supposed exponential. To study the power of the tests, we consider the following

alternative :

ACD(].) : '(pt :0.8+0.2Xt_1)
ACD(2) : 4y =08+0.15X,_; + 0.05X;_o,

ACD(]., ]_) : P = 02X 1 + 0.3¢1.
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To simulate an ACD process. we set the initial value of iy equal to the unconditional
mean of ;. The sample sizes examined are 256, 384. In order to reduce the impact
of initial value, we generate 2n-+1 observations and discard n+1 first observations. To
study the level of the tests, we take 5000 replications and for the alternatives, we take

1000 replications.

For the Hong, BP, LB and LM tests, like in the first essay, three different values of m
are used m : (i) m = [In(n)]; (ii) m = [3n%2]; (iii) m = [3n%3], where [a] denotes the

integer closest to a. These rates are m=6, 11, 16 for n=256 ; m=6, 12, 18 for n=384.

For our procedure, we set the band {mmin, - - ., Mimaz } With M, = mazfround(in(in(n)), 2],
2)° and Mupqz = [6lnn]. We choose 7 in 2.3.35 equals 0.5. By simulations, we see that

the value of 7 has little effect on the power of the tests.

Table 2.16 presents the level of standard tests. The LB statistic has reasonable size at
the 5% and also at the 10% for all fixed m but m=12 for the sample of 384 observations.
The LM exhibits a large underrejection for all fixed m and for all samples. For the BP
statistic, the rejection rate is a little under the examined levels. The M,,, i=1, 2, 3 have
reasonable size of the 10% but they exhibit large over-rejection at the 5% level. For
the two samples, greater fixed m gives better size. The rejection rate of the My, Ma,
is a little higher than the Mi,. In practice, since there is no optimal choice of the
parameter m, the users often apply these tests for different values of m and reject the
tests if they reject at least once. This habit makes the performance of the tests worse.
Table 2.17 presents the level of the tests when they are applied for m from 2 to 15.
All tests exhibit overrejection. The rejection rate of the My, statistic is higher than the
Moy, Ms, statistics and among all kernels, the Barlett kernel rejects the null hypothesis

less often than the other ones.

The level of the optimal procedure is presented in the table 2.19. All kernels exhibit

overrejection of the 5% level. This result is not surprising because the M;,, i=1, 2, 3

5Since D (k) = 0 when m = 1 for the Bartlett kernel, mm:n must be higher than 1.
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statistics for fixed m also have overrejection rate at the 5% level. The increase of the

sample size gives better levels.

Table 2.18 presents the power of the standard tests under the ACD(1) alternative. We
find that for all tests, smaller fixed m gi"ves the higher power. Among the BP, LB and
LM statistics, the rejection rate of the LB statistic is the highest. The power of the
M;,, i=1, 2, 3 for all kernels other than the truncated kernel is much higher than that
of the LM, LB, and BP statistics. Among all kernels used, the truncated kernel gives
always the least power. This result may be explained by the fact that the truncated
kernel gives equal weight to p; for all j but the other ones give larger weight to the most

recent information.

The power of the tests based on our procedure under ACD(1) is presented in table
2.20. All kernels other than the truncated kernel have similar rejection rates. For the
truncated kernel, it is less than the other ones. We find that the tests based on our
procedure are more powerful than the LM, LB, BP and M;,, i=1, 2, 3 statistics for all

fixed m and for the two examined samples.

Tables 2.21 and 2.23 present the power of the tests under the ACD(2). The rejection rate
of all tests is less than that under ACD(1). We think that this is because the coefficient
associated with X;_; for the ACD(1) is larger than for the ACD(2). Among the BP, LB
and LM tests, the rejection rate of the LB test is the highest. The M;, statistics are
more powerful than the BP, LB and LM statistics. This result confirms the fact that
there are many better kernels which allow to put the bigger weight on recent information
while the truncated kernel puts equal weight on all information. Hong’s statistics with
kernels other than the truncated kernels should be more powerful than the BP and LB
statistics. We find that the tests based oh our procedure are much more powerful than

the other tests for all fixed m, and all kernels exhibit similar statistics.

The power of the tests based on data-driven rate-optimal procedure and standard tests

under the ACD(1,1) alternative are presented respectively in tables 2.22 and 2.24. The
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M, statistics are always more powerful than the BP, LB and LM statistics. The rejection
rate of the LM statistic is less than the BP and LB statistics. This is because of the
underrejection of this statistic under the null hypothesis. The tests based on our optimal
procedure are more powerful than other statistics for all fixed m. With our tests, all
kernels other than the truncated kernel present very similar statistics for all sample

sizes.

In short, the M, statistics and our optimal procedure for testing ACD effects exhibit
overrejection at the 5% level under the null hypothesis but the LM statistic exhibits
much underrejection at the 5% and the 10% level. For the LM, BP, LB and M;, statistics,
the parameter m is smaller, the tests are more powerful but for the M;,, the larger m
is, the better the level of the tests are. So there is not an optimal choice of m. If we
apply the statistics for many values of m, and reject the null hypothesis when the tests
reject for at least one value of m, the level of the tests is very bad. In this case, all
tests have much overrejection under the r.lull hypothesis. The tests based on our optimal
procedure are much more powerful than standard tests under the ACD(1), ACD(2),
ACD(1,1) alternatives for all fixed m.

2.3.4 Empirical application for IBM data

In this section, we apply standard tests and the data-driven rate optimal procedure to
IBM transaction data. The data are taken from the TORQ (Trades, Orders, Reports,
and Quotes) data set constructed by Joel Hasbrouck and the NYSE. The same data are
used by Engle and Russell (1998) to implement the ACD model and by Duchesne and
Pacurar for testing ACD effects and for testing the adequacy of the ACD model. The
data set contains detailed information on each transaction occurring on the consolidated
market during regular trading hours over a 3 month period beginning on November 1,
1990 and ending on January 31, 1991. In addition to the information about bid and
ask quote movements, the volume associated with the transactions, and the transaction

prices, there is a time stamp, measured in seconds after midnight, reflecting the time at
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which the transaction occurred. The initial sample contains 60328 transactions.

Like Engle and Russell (1998), the two days November 23, and December 27 were deleted
from the 63 trading days in the 3 month sample. A halt in IBM trading of just over
an hour and 15 minutes occurred on Friday, November 23. On December 27th, there
was a one and a half hour delay in the opening. The days before Christmas and New
Year’s Eve are also deleted because the transactions occurred at a slower pace than the
normal days. In order to solve the problem of the carryover of transaction rates from
the close one day to the open on the following trading day, the first 20 minutes of the
day (9h30-9h50) were deleted. The process for each day is then re-initialized using the
average duration over 10 minutes prior to 10 :00 a.m. That is, each day starts fresh with
the conditional expectation of first waiting time after 10 :00 set equal to the average
duration over 10 minutes prior to 10 :00 a.m. Trades occurring simultaneously (thus

leading to zero duration) are also discarded.

After the treatment, the data are reduced from 60328 to 46083 observations. Table 2.25
presents the general statistics of the duration of IBM duration. The Jarque-Bera test
strongly rejects the normality of this process. The mean duration of the IBM tran-
sactions is 29.27, with a maximum of 561. We apply all LM, BP, LB, M,, tests and
our data-driven rate-optimal procedure for detecting ACD effects of this series. For
the LM, BP, LB, M;, statistics, we choose m = [In(46083)], m = [0.3*46083%2] and
m = [0.3*46083%3] which are 10, 25, 75 respectively. All tests strongly reject the null
hypothesis of no duration effect. This result is not surprising because Duchesne and
Pacurar (2003) find that the IBM duration follows a GACD(2,2). We see that the BP
and LB tests have nearly the same statistic and the latter is higher than that of the LM
statistics. The M;, statistics are higher for the larger p, and the Daniell kernel gives
the largest statistic for all p,. Among M;,, i=1, 2, 3, the M, statistic is higher than
Min, 1=2, 3. '

The statistics of data-driven rate-optimal procedure are much higher than the other

statistics and the M, (p) is the highest among the M;,(m), i=1, 2, 3 and the Daniell
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kernel always gives the highest statistic.

2.4 Conclusion

In this paper, we proposes a data-driven rate-optimal procedure for ARCH and ACD
effects and apply this procedure to the stock market data. These tests are an extension
of the tests for autocorrelation presented in the first essay. The optimal procedure gives
the tests optimal properties in the sensé that : (1) it allows to choose the parameter
of the kernel from the data; (2) the tests detect Pitman’s local alternative at a rate
close to n'/?; (3) and the tests are adaptive rate-optimal in the sense of Horowitz and

Spokoiny (2001).

By simulations, we find that the data-driven rate-optimal procedure for testing ARCH
effect has accurate size at the 5% level and is more powerful than the other tests for
the ARCH(1) and GARCH (1,1). An application of all tests to the ARMA model for
daily returns of the IBM, GM and S& P show strong evidence of ARCH effects for these
models. We find that the statistics of the tests based on the optimal procedure are

higher than the other statistics for these models.

For ACD effects, like the M;,, i=1, 2, 3 statistics, the tests based on the data-driven rate-
optimal procedure exhibit a little overrejection at the 5%. When the sample is larger,
the better the size of these tests. Under the alternative of ACD(1), ACD(2), ACD(1,1),
our data-driven rate-optimal procedure yields much more powerful tests than the other
tests for ACD effects. An application to the IBM duration data is done. We strongly
reject the null hypothesis of ACD eﬂ?ects.with all tests and we find that the statistics of

the tests based on our optimal procedure are always the highest.



APPENDIX

Proof of lemma 2.2.1
Assume that & have eight-order moments 0? = 1, u3, fa, ,...., pg under Hy. We have

E(w)=E(& - 1)=E()-1=0,
Ew})=FE(£ - 17 =E(¢ — 267 +1) = pg - 1,

E(uf) = EB(¢&-1)*

= B(& -2 +1)°
(& + 48} + 1 — 480 + 267 — 4€7)
= pg — 4dpg + Oug — 3

Let

n—1
7=1

Observe that for 7 > 0,

~ 1 2
R? = 7—1-5 Z u%+ju$ + ﬁ Z u€'2+jut2utl+(}'ut1 . (2043)
t=1 1<t <t2<n—y
Hence
~ —dug + 6uqg — 3 ) ~ n—j
ER(Q):(u4—1)2+u8 Msn Ha and for j > 0, ERJQ.: QJ(M—l)Q,

since, in (2.0.43), E (ugy4jUenUsy+5Ut) = B (Uytj) B (Ut +5ue) = 0 for 7 > 0 by
independence of the centered w,’s. This gives

ES(K) = (ug — 1) Z<1——>
For the variance, note that
n—1

Var (§(R)> =n? Z k?Var (E?) + 2n? Z kj kj,Cov (RJQI,R2 ) ,

Jj=1 1<j1<j2€n—1
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with, by (3.0.21),

n—jin—je
2 2 p2YN _ 2 2 2
Cov (le ’ R > TL2 Z Z Cov (ut1+11ut1 ’ uts+]2ut3>
=1 t3=1

n—ji n—j2
_}_3 C 2 2 . .
OU | Ugy 45, Upy s Utg 4352 Utg Uiz 452 Uts
t1=1¢3,0a=1,t3< g
n—j n—j
9 J J2

2 2
+p Z Z Cov (utz‘l‘jlutzutl‘l‘jlutl’utg-l-jzutg)
t1,t2=1,81 <t t3=1
n—j1 n-—j2
4
+— Z Z Cov (ugy 45, U, ue, 71Ut Uta+52Utq utz-l—jzuts) .

t1,t2=1,11<t2 t3,t4=1,t3<tq

We first compute n?Cov (R?l,RZ ) In what follows, 1 < j1 <jo<nm—1land 1<t <
2

to<n—7;, 1 <t3 <ty <n—ja2. Observe that® Cov (ufl+jlufl,u?3+j2ut3> =

(g — dpig + 6g — 3)% — (g — 1)* if 73 = j2 > 0 and ¢, = t3 (n — 73 items),
if 0 < 41 < 72 and

(ns — dps +6pg — 3)(pa — 1) — (pa ~ 1) {t1 4+ 71,61} U {ts + jo, b3} # 0
(2(n — j2) +2(n — 71 — j2)7 items),

0 otherwise.

The items in the second group of sums in n2Cov (RJQI , R2 ) are
Cov (uf , ; u? DU : =0
OU | Upy 457 Uty Utg 472 UtaUtg 452 Uts | =

and
2 2 _
Cov (ut2+j1 utzau't1+j1uhut3+j2ut3) =0,

®1f 51 < j2 and {t1 4 J1,t1} U {t3 + j2,t3} # B, the number of items is

n—ji n—jz
SOS Tt =ta+d2) + T (0451 = ta) + I (tr = t3 + 52) + 1 (b1 = 13))

t1=1t3=1

OIS il 8% b 9IRS 9 ) FORYS

t1=ji+1tz=ja+1 t1=j1+113=1 {1=1ltg=j50+1 ;=1 t3=1

(n—g)+2(n—j2— )" +(n—1j2).
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while, for the last sum in n?Cov (ﬁjzl,ﬁj?2>, we have

Cov (ut2+j1 Uta Uty +5q Uty Utg+ja Uty ut3+j2ut3) =
(na —1)* if 51 = jo and {t1,t2} = {t3,ta} ((n = j1)(n — j1 — 1)/2 items),

0 otherwise.

Substituting into the expression of n?Cov (Rjzl , }~7€J22> gives,

n*Var (fijz) = 2 (1 - l) (1 - ]%1) (na — 1)

n
n n 3
n*Couv <}~T{2 E2> = 211—= j_2+ 1 i+ 2\ T (s —4pe + 6pa — 3)(pa ~1)2 — (pg — 14
ne n n n .
Substituting in the expression of Var <§k> yields
Var <§(k)>
j=1 ’ n n ! n n

+

4((us — dpe + 6pa — 3)(pa — 1)% = (pa — 1)) J2 J1+72\*

1<j1<j2<n—1

Now, take ka- = k?(j/q). Observe that, If k(-) has a compact support and ¢ = o(n),

LSRG~ gim) < 3 1 < Ca) = Ola/m) = ofa),

o S P (o3 (-232))

1<j1<j2<n—1

pa/n = o(1).
So we have E(T1) =0, Var(Tin) = (1/(pa — 1)) Var <§(k)> = 2D, (k).

Proof of Lemma 2.2.2

Hong (1996) demonstrated that given ¢3/n — 0

= 0p(q'"?/m),

2H%(fn, fo) — %QQ(fm fo)
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and
I(fas o) = 5@ fo)| = 00(a* ).

So we have that the asymptotic mean and variance of 'fgn and 'f’gn are equal to those
of Tln-

Proof of Lemma 2.3.1 and Lemma 2.3.2

See the proof of Lemma 1.3.1 and Lemma 1.3.2 of chapter 1.
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Table 2.1 Rejection rate in percentage under no ARCH effect of standard tests

n 64 128
q 7 10 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 03.26 06.86 02.66 05.56 02.16 04.04 03.56 07.22 03.62 07.00 03.12 06.14
LB 03.44 06.36 03.76 06.84 01.42 03.28 03.62 07.78 05.00 07.74 04.48 08.76
LM 02.78 06.24 02.34 05.68 01.56 04.00 03.30 07.76 03.14 06.86 02.48 05.32
Hong test
DAN 04.12 06.18 04.64 06.76 04.34 06.58 06.24 08.88 04.82 07.20 05.36 07.94
PAR 04.02 06.34 04.60 06.94 04.22 06.38 06.12 08.80 04.82 07.32 05.46 07.90
Min QS 04.20 06.32 04.66 06.90 04.34 06.48 06.30 08.84 04.90 07.32 05.40 07.90
BAR 04.20 06.16 04.74 06.84 04.26 06.64 06.22 08.80 04.96 07.36 05.36 07.88
TRON 04.98 07.26 04.82 07.52 04.34 06.54 05.66 08.44 05.16 07.66 05.60 08.64
DAN 04.82 07.24 04.74 07.14 04.64 06.92 05.48 08.18 06.24 09.04 04.82 07.74
PAR 04.60 07.16 04.40 07.04 04.30 06.60 05.46 07.84 05.98 08.82 04.40 07.42
Mo, Qs 04.76 07.20 04.68 07.12 04.62 06.82 05.46 08.00 06.16 09.02 04.82 07.70
BAR 04.52 06.90 04.40 06.70 04.40 06.34 05.20 08.06 05.82 08.58 04.54 07.63
TRON 06.74 09.44 08.40 12.08 08.94 13.40 06.94 09.90 08.30 11.76 08.62 12.28
DAN 05.26 07.66 05.62 08.54 05.80 08.90 05.80 08.60 06.84 09.62 06.04 09.20
PAR 05.06 07.64 05.22 08.00 05.20 08.12 05.58 08.28 06.80 09.52 05.36 08.56
Mz, QS 04.76 07.20 04.68 07.12 04.62 06.82 05.46 08.00 06.16 09.02 04.82 07.70
BAR 04.66 07.18 04.84 07.22 04.88 07.08 05.36 08.20 06.36 08.86 05.08 07.84
TRON 07.98 11.10 09.26 13.30 08.82 12.64 08.00 11.28 09.84 14.06 10.52 15.04
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Table 2.2 Rejection rate in percentage under normal white noise of standard tests when

the parameter of the kernel is chosen from 2 to 15

n 64 128
5% | 10% | 5% | 10%

BP 07.60 | 13.82 | 10.16 | 17.96
LB 11.80 | 20.04 | 13.28 | 22.84
LM 9.82 | 20.36 | 12.98 | 23.46

Hong test

_DAN | 09.22 | 12.94 | 10.28 | 14.76
“PAR | 09:24 | 13.10 | 10.24 | 15.12
My | - QS 09.28 | 13.24 | 10.32 | 15.00
_BAR | 08.62 | 12.20 | 09.72 | 13.74
_TRON | 12.74 | 18.96 | 16.14 | 23.34
“DAN | 00.50  13.58 | 10.16 | 14.68
_PAR | 08.96 12.72 | 00.76 | 13.98
My | - QS 09.30 | 13.38 | 09.84 | 14.30
_BAR | 08.16 | 11.96 | 08.82 | 12.78
_TRON | 24.34 | 32.66 | 22.92 | 31.04
“DAN | 10.94 | 16.18 | 11.86 | 16.82
_PAR | 10.12 | 15.12 | 10.58  15.06
M | - QS 1074 | 1558 | 10.76 | 15.48
_BAR | 08.78 | 12.74 | 09.28 | 13.24
~TRON | 30.76 | 39.56 | 30.20 | 38.20
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Table 2.3 Rejection rate in percentage under ARCH(1) with o = 0.3 of standard tests

n 64 128
q 7 10 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 22.40 29.10 16.70 18.30 12.80 | 16.90 43.60 50.50 36.10 47.60 28.50 34.30
LB 19.00 28.00 16.30 20.80 13.10 28.00 45.50 50.50 37.10 46.00 30.20 41.40
LM 21.70 29.50 12.90 19.40 07.60 15.30 41.00 49.60 34.40 41.70 22.70 30.30
Hong test
- DAN 34.90 38.80 31.40 35.60 28.30 33.00 61.90 64.70 55.90 53.40 47.90 53.40
- PAR 34.30 38.50 29.90 35.30 26.90 32.50 61.00 64.50 54.70 59.60 46.40 52.20
My, - QS 34.90 38.70 31.20 36.10 28.70 33.40 61.50 65.10 55.70 60.60 | 47.80 53.60
- BAR . 35.40 39.10 33.10 37.50 30.80 36.20 62.80 65.90 58.60 63.20 51.40 57.20
- TRON 25.00 30.60 21.00 26.00 18.30 23.10 48.10 53.30 41.50 48.30 34.40 39.90
- DAN 36.10 39.40 32.70 36.40 29.20 34.70 61.70 66.30 55.20 59.00 50.90 55.30
- PAR 35.60 38.90 31.40 35.40 28.00 33.70 60.70 65.20 54.00 58.00 48.40 54.50
Mon - QS 35.90 39.50 32.30 36.40 29.10 34.80 61.40 66.50 54.90 59.30 53.60 58.80
- BAR 35.60 39.40 33.80 38.00 30.70 36.40 62.50 66.40 56.50 61.50 53.60 58.80
- TRON 28.70 33.70 24.40 29.70 23.30 29.70 49.90 56.30 41.30 47.30 37.00 | 44.50
- DAN 36.10 39.70 34.00 37.80 32.20 36.60 61.90 67.60 56.20 59.60 51.60 57.40
- PAR 36.10 39.40 32.60 37.20 30.20 35.60 61.20 66.30 55.10 58.70 49.90 55.90
Man - Qs 36.40 40.00 33.90 38.00 31.90 36.50 62.00 67.00 55.90 59.60 51.90 57.00
- BAR 35.80 39.70 34.80 38.30 32.00 37.30 62.90 66.90 57.50 62.00 54.50 59.10
- TRON 31.30 36.30 26.40 32.00 23.80 28.60 50.90 57.50 | 43.40 50.70 40.40 48.60

Table 2.4 Rejection rate in percentage

under ARCH(1)with o = 0.95 of standard tests

n 64 128
Pn 7 10 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 58.10 64.00 52.50 58.40 47.50 49.90 87.70 90.50 81.50 84.20 90.50 78.00
LB 62.10 67.80 50.60 58.50 44.70 52.50 87.50 91.00 83.90 87.40 76.20 81.70
LM 59.60 66.10 44,70 52.80 66.10 41.40 87.00 88.50 77.40 82.30 66.00 73.40
Hong test
- DAN 76.70 79.70 69.60 72.20 64.00 67.70 95.00 95.90 92.80 93.80 90.70 91.50
- PAR 76.20 79.40 68.80 71.90 63.10 66.40 94.90 95.60 92.60 94.00 90.20 90.80
Miyn - QS 76.80 80.20 70.20 72.10 64.00 67.90 94.90 95.90 92.80 94.30 90.50 91.40
- BAR 76.90 80.30 71.40 74.00 67.10 70.90 95.30 96.20 93.60 95.30 92.00 93.00
- TRON 64.70 69.60 55.80 60.20 51.40 54.90 90.60 92.30 85.70 88.80 81.00 83.40
- DAN 73.60 76.30 71.10 74.90 68.80 64.90 95.80 97.10 92.90 94.60 88.80 90.60
- PAR 72.90 76.00 69.70 74.00 62.80 67.30 95.60 96.80 | 92.00 94.10 87.50 89.80
Man - Qs 73.80 76.80 71.60 76.00 65.20 69.00 96.00 97.10 93.00 94.50 88.70 90.80
- BAR 74.00 77.20 73.40 77.40 68.10 72.30 96.30 97.40 94.10 95.20 91.10 92.60
- TRON 63.60 68.10 57.90 63.10 50.90 55.90 88.60 90.70 84.70 87.30 77.00 80.00
- DAN 73.90 76.30 71.50 75.90 65.90 70.00 95.80 97.00 93.20 94.60 89.30 90.70
- PAR 73.40 76.30 70.30 74.90 64.50 68.40 95.80 96.80 92.40 94.00 88.10 90.20
Mzn - Qs 73.90 76.70 71.60 76.00 65.90 70.30 96.00 97.10 93.20 94.60 89.40 91.10
- BAR 74.10 77.50 74.00 77.60 68.60 72.70 96.30 97.40 94.20 95.20 91.20 92.60
- TRON 64.80 69.60 59.30 | 64.40 51.30 56.40 88.80 90.30 84.90 87.20 78.20 80.50
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Table 2.5 Rejection rate in percentage under GARCH(1,1) with a = 0.3,8 = 0.2 of

standard tests

n 64 128
q 4 7 10 5 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 20.90 26.50 16.60 23.10 11.90 15.60 40.10 52.90 36.50 42.90 29.30 37.10
LB 32.40 42.10 27.50 36.00 18.40 23.20 66.00 72.50 59.00 66.50 51.80 58.80
LM 29.40 41.50 17.60 29.40 14.30 19.50 59.50 69.00 48.10 58.50 40.30 46.30
Hong test
- DAN 46.20 50.30 42.80 47.30 39.20 44.10 74.60 78.20 71.90 75.20 68.50 73.30
- PAR 46.70 49.90 42.70 46.50 38.20 43.30 74.30 77.90 71.10 74.60 67.60 72.40
Min - QS 46.70 50.20 42.70 47.60 39.50 44.20 74.80 78.30 71.80 75.70 68.50 73.30
- BAR 46.10 49.90 43.80 48.70 40.70 46.80 74.90 79.00 73.60 76.00 71.40 75.80
- TRON 41.00 45.80 33.60 38.70 30.60 34.20 67.10 71.20 61.50 66.30 58.30 63.40
- DAN 44.90 49.30 41.40 45.70 41.60 45.20 74.60 78.30 72.90 75.90 67.30 72.00
- PAR 45.10 49.60 40.50 44.50 39.90 43.90 74.00 78.00 72.00 75.30 66.00 69.80
Mon - Qs 45.10 49.50 41.80 45.80 41.10 45.10 74.30 78.50 72.70 75.90 66.60 71.90
- BAR 44.60 48.70 41.60 46.70 42.80 46.60 74.50 77.30 73.00 76.40 70.00 73.80
- TRON 40.40 46.60 33.40 39.10 32.30 38.60 66.80 71.90 62.90 67.30 54.80 60.40
- DAN 45.20 49.70 41.90 46.50 42.50 46.70 74.40 78.40 73.20 76.10 67.80 72.80
- PAR 45.10 49.70 40.90 45.10 40.90 45.80 74.00 78.30 72.40 75.50 65.80 71.40
M3, - Qs 45.50 49.30 42.00 46.70 42.10 46.70 74.40 78,20 73.00 75.90 66.80 72.40
- BAR 44.80 49.00 41.80 46.60 43.10 47.60 74.30 77.20 72.90 76.50 69.60 74.10
- TRON 42.40 48.40 36.30 41.50 31.30 37.90 67.50 72.20 64.20 68.40 56.80 62.00

Table 2.6 Rejection rate in percentage under GARCH(1,1), with @ = 0.5, = 0.2 of

standard tests

n 64 128
Pn 4 7 10 5 8 13
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 54.10 57.90 50.30 53.00 41.20 50.00 88.10 90.40 81.50 84.40 77.90 82.90
LB 51.70 53.30 43.00 48.90 31.60 36.40 82.70 86.40 79.30 83.90 70.10 75.20
LM 51.00 59,10 | 40.10 | 46.10 28.40 36.30 83.90 89.80 77.50 83.50 62.80 73.50
Hong test
- DAN 63.70 67.40 59.00 62.80 57.00 62.20 90.70 92.00 88.80 90.70 86.60 89.30
- PAR 63.60 67.60 57.90 62.10 55.80 61.00 90.50 91.90 88.50 90.50 85.70 88.90
Min - QS 63.90 67.90 59.20 62.90 57.60 62.40 90.80 92.10 88.80 90.80 86.50 89.30
- BAR 64.00 68.00 59.90 63.20 60.90 64.10 90.70 92.40 89.70 91.60 88.60 90.60
- TRON 55.00 60.00 48.30 52.60 43.20 48.80 83.00 86.20 79.90 83.30 75.60 79.70
- DAN 63.50 66.90 59.50 64.40 56.30 60.40 90.30 91.70 86.50 89.00 84.90 87.50
- PAR 63.10 66.80 58.20 63.60 54.90 59.50 89.60 | 91.70 85.70 88.30 84.20 86.90
Mo, - Qs 63.20 67.00 59.70 64.50 56.50 60.60 90.20 91.90 86.50 89.00 85.00 87.70
- BAR 63.80 67.00 61.00 65.00 58.00 63.20 90.80 92.20 87.50 90.20 87.50 89.10
- TRON 56.00 61.00 61.00 65.00 46.40 51.50 83.60 86.50 77.90 81.60 74.50 79.50
- DAN 63.50 67.00 60.00 64.80 57.70 61.80 90.20 92.10 86.50 89.20 86.20 88.20
- PAR 63.00 67.00 59.40 | 64.10 56.60 60.20 89.80 91.90 86.20 88.20 84.80 86.90
M3n - QS 63.50 67.60 60.50 65.10 57.50 61.70 90.30 92.10 86.80 88.90 85.20 87.20
- BAR 63.70 62.40 61.40 65.20 58.80 63.80 90.70 92.10 87.30 89.70 | 87.40 89.00
- TRON 57.20 62.40 49.50 55.40 45.90 52.40 83.80 86.40 78.70 82.20 75.90 80.20
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Table 2.7 Rejection rates in percentage under normal white noise. of the data-driven

rate-optimal procedure

n 64 128
5% | 10% | 5% | 10%

-DAN | 05.28 | 07.28 | 05.52 | 07.62
-PAR | 0520 07.24 | 05.48 | 07.62

My, | -QS | 0522/ 07.16 | 05.52 | 07.64
- BAR | 05.00 | 07.00 | 05.32 | 07.52

- TRON | 06.70 | 09.04 | 07.60 | 09.52
-DAN | 05.90 | 08.58 | 05.56 | 08.60
-PAR | 05.52 | 08.64 | 05.52 | 08.90

My, | -QS | 0598|0840 | 05.24 | 08.38
- BAR | 05.58 | 08.14 | 04.88 | 08.00

- TRON | 13.34 | 15.50 | 15.82 | 18.16

- DAN | 06.50 | 09.20 | 06.00 | 10.08
-PAR | 05.96 | 09.34 | 05.82 | 09.22

Mz, | -QS |06.52 | 08.84 | 05.56 | 08.78
- BAR | 05.76 | 08.30 | 04.98 | 08.10

- TRON | 22.44 | 20.00 | 30.48 | 32.50
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Table 2.8 Rejection rates in percentage under ARCH(1) of the data-driven rate-optimal

procedure

o =03 o =0.95

n 64 128 64 128

5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
- DAN | 42.20 | 43.00 | 61.60 | 66.30 | 78.70 | 80.90 | 96.60 | 97.40
- PAR | 35.60 | 39.80 | 61.90 | 66.50 | 78.90 | 81.30 | 96.90 | 97.60
M, - QS 35.50 |1 39.60 | 61.90 | 66.20 | 79.20 | 81.30 | 96.70 | 97.30
- BAR | 35.80 | 39.60 | 61.80 | 66.20 | 79.30 | 81.30 | 96.70 | 97.30
- TRON | 30.70 | 35.10 | 55.10 | 59.80 | 72.60 | 76.60 | 95.20 | 96.40
- DAN | 46.50 | 44.40 | 65.60 | 69.70 | 79.20 | 80.60 | 96.00 | 97.10
- PAR | 38.30 | 42.50 | 66.10 | 69.60 | 80.30 | 83.10 | 96.30 | 97.10
My, - QS 38.30 | 42.50 | 66.00 | 69.50 | 80.30 | 82.80 | 96.50 | 97.10
- BAR | 38.00 | 42.20 | 65.70 | 69.40 | 80.10 | 82.80 | 96.60 | 97.10
- TRON | 26.20 | 30.40 | 49.80 | 54.40 | 60.90 | 64.90 | 89.50 | 90.90

- DAN | 44.70 | 46.40 | 66.60 | 70.20 | 78.90 | 80.80 | 96.20 | 97.10
- PAR | 38.70 | 43.20 | 66.10 | 69.70 | 80.80 | 83.10 | 96.30 | 97.10
Ms, - QS 38.20 | 42.60 | 66.10 | 69.60 | 80.70 | 83.00 | 96.50 | 97.10
- BAR | 37.90 | 42.50 | 65.90 | 69.60 | 80.10 | 82.90 | 96.60 | 97.10
- TRON | 43.80 | 46.80 | 69.60 | 73.50 | 77.90 | 81.60 | 95.80 | 96.10
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Table 2.9 Rejection rates in percentage under GARCH(1,1) of the data-driven rate-

optimal procedure

with « = 0.3, =0.2 with « = 0.5,8=0.2
n 64 128 64 128
5% 10% 5% 10% | 5% 10% | 5% 10%
- DAN | 83.70 | 55.10 | 70.40 | 73.00 | 69.10 | 70.00 | 89.50 | 91.00
- PAR | 45.10 | 48.80 | 72.30 | 75.40 | 69.10 | 70.00 | 90.20 | 91.50
Min - QS 44.50 | 48.70 | 70.50 | 73.20 | 64.20 | 67.80 | 89.60 | 90.90
- BAR | 43.80 | 48.20 | 69.90 | 72.50 | 63.70 | 67.30 | 89.00 | 90.30
- TRON | 46.10 | 50.40 | 75.40 | 77.90 | 63.50 | 68.60 | 90.70 | 92.30
- DAN | 83.70 | 55.70 | 74.70 | 77.80 | 67.00 | 68.50 | 90.90 | 92.20
-PAR | 47.20 | 52.10 | 75.60 | 78.20 | 64.00 | 66.80 | 90.20 | 92.70
Mon, - QS 46.90 | 51.10 | 74.50 | 77.60 | 63.20 | 66.50 | 90.80 | 92.20
- BAR | 46.00 | 50.20 | 73.70 | 76.70 | 62.30 | 65.70 | 90.60 | 91.90
- TRON | 39.20 | 42.50 | 67.60 | 70.70 | 50.00 | 51.90 | 83.70 | 86.00
- DAN | 52.20 | 53.50 | 75.50 | 78.30 | 65.70 | 66.40 | 91.00 | 92.30
-PAR | 47.80 | 52.70 | 75.40 | 78.10 | 64.30 | 67.30 | 91.20 | 92.70
M, - QS 47.60 | 51.70 | 74.80 | 77.60 | 63.90 | 67.10 | 90.80 | 92.50
-BAR | 46.50 | 50.60 | 73.70 | 76.80 | 62.50 | 66.10 | 90.60 | 92.00
- TRON | 55.50 | 59.20 | 82.70 | 84.90 | 69.00 | 72.10 | 92.50 94.00 |
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Table 2.10 Statistical Description of IBM, GM and S&P

Description IBM GM S and P
Mean 0.026954 | 0.024385 | 0.051842
Median 0.000000 | 0.000000 | 0.040103

Maximum 12.17719 | 13.62727 | 8.708879

Minimum -26.08839 | -23.58321 | -22.83303

Std. Dev. 1.752077 | 1.813295 | 1.023018
Skewness -0.834465 | -0.440108 | -3.705076
Kurtosis 22.16409 | 13.27761 | 83.16090

Jarque-Bera | 52300.07 | 15038.43 | 915936.1
Probability 0.000000 | 0.000000 | 0.000000

Sum 01.42820 | 82.71236 | 175.8488

Sum Sq. Dev. | 10409.60 | 11149.74 | 3548.907

Observations 3392 3392 3392
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Figure 2.1 IBM daily return
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Table 2.11 Autocorrelation tests for three series
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Kernel 1BM GM S&P
Min(§) Man(§) M3n (§) M1 (§) Man () M3y (4) Min(q) Ma2n () | Ms3n(q)
- DAN -0.4093 -0.4260 -0.4259 11.8214 12.3714 19.6884 27.3190 32.4047 55.3179
(0.6588) (0.6649) (0.6649) (0) (0) (0) (0) (0) (0)
- PAR -0.1999 -0.1964 -0.1951 8.0144 8.1762 8.2378 21.3136 20.3942 21.6279
(0.5792) | ( 0.5779) | (0.5773) (0) (5.55e-16) | (1.11e-16) | (1.11e-16) (0) (0)
- QS -0.3286 -0.3276 -0.3211 10.3676 10.5971 12.0679 26.2966 27.3776 26.9222
(0.6288) (0.6284) (0.6259) (0) (0) (0) (0) (0) (0)
- BAR -0.3369 -0.3369 -0.3369 12.7568 13.0340 13.1375 33.5099 33.7064 33.8728
(0.6319) | (0.6319) | (0.6319) (0) (0) (0) (0) (0) (0)
- TRON 0.7638 0.7777 0.7830 4.7116 4.7298 4.7408 10.1184 10.0815 10.1046
(0.2225) | (0.2184) | (0.2168) | (1.23¢-6) | (1.12e-6) (1.06e-6) (0) (0) (0)
Table 2.12 Standard tests for ARCH effects for ARIMA models
Model 1IBM GM model P& S model
q 8 15 8 15 8 15
Stat Pval Stat P_val Stat P_val Stat P_val Stat P_val Stat P.val
BP 122.83 0 125.11 0 369.77 0 371.88 0 159.46 0 165.09 0
LB 122.98 0 125.27 0 370.16 0 371.88 0 159.70 0 165.35 0
LM 125.27 0 103.93 2.33e-15 344.52 0 344.97 0 159.70 0 124.68 0
Hong test
- DAN 43.22 Q 35.03 Q 151.85% o} 114.62 o} 44.46 s} 42.56 0
- PAR 42.31 0 33.60 0 145.62 0 109.49 0 45.19 0 41.37 0
M, - Qs 43.34 0 35.02 0 151.148 4] 114.27 0 44.78 0 42.58 4]
- BAR 46.64 0 39.34 0 166.61 4] 132.54 0 44.49 0 44.22 4]
- TRON 28.75 0 20.16 0 90.58 0 65.26 0 37.92 0 27.48 0
- DAN 39.61 0 31.18 0 150.98 0 110.78 0 38.37 0 35.54 4]
- PAR 38.40 0 29.62 0 144.02 0 106.18 0 38.64 0 34.36 0
Mo, - QS 39.58 0 30.95 0 150.46 0 111.12 0 38.55 0 35.51 0
- BAR 43.30 0 35.44 0 165.20 0 129.52 0 39.14 0 37.55 0
- TRON 25.07 0 17.28 0 87.07 0 62.28 0 31.54 0 22.18 0
- DAN 38.76 0 30.08 0 155.53 0 116.70 0 36.89 0 34.23 0
- PAR 37.53 0 28.77 0 148.38 0 109.32 0 37.12 0 32.93 0
Mz, - QS 38.76 0 30.15 0 154.95 0 114.14 0 37.07 0 34.05 0
- BAR 42.52 0 34.57 4] 168.83 0 132.70 0 37.79 0 36.05 0
- TRON 24.28 0 16.69 0 89.72 0 64.11 0 30.29 0 21.22 0
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Figure 2.4 Ordinary autocorrelation function (ACF) and the partial autocorrelation

function (PAFC)
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Table 2.13 Data-driven rate-optimal for testing ARCH effects of ARIMA models

Model IBM GM model P&.S model
Statistic | P_value | Statistic | P.value | Statistic | Pvalue
- DAN 185.4067 0 609.1507 0 244.1837 0
- PAR 184.7143 0 ] 599.1518 0 240.1243 0
My, | - QS 182.7158 0 598.7451 0 242.2283 0
- BAR 278.4675 0 921.9153 0 345.5727 0
- TRON | 58.1968 0 180.9991 0 76.5688 0
- DAN 161.8982 0 588.2478 0 199.8486 0
- PAR 158.8895 0 580.1700 0 195.2712 0
My, | - QS 159.5244 0 575.2116 0 195.2762 0
- BAR 242.0141 0 890.3335 0 285.1422 0
- TRON | 51.5639 0 175.2642 0 63.2144 0
- DAN 161.0201 0 625.7862 0 192.7096 0
- PAR 155.1917 0 602.5820 0 187.4995 0
Ms, | - QS 154.3819 0 | 596.5496 0 187.0778 0
- BAR 234.3991 0 914.0072 0 272.8918 0
- TRON | 50.6684 0 181.2514 0 61.4845 0




Table 2.14 Standard tests for ARIMA-GARCH model
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Model IBM GM model P&S model
q 8 15 8 15 15
Stat Poval Stat P_val Stat P_val Stat P.val Stat P_val Stat Poval
BP 22.08 0.0025 30.30 0.0069 26.96 3.38e-4 37.40 6.40e-4 20.74 0.0042 41.60 1.43e-4
LB 22.12 0.0024 30.37 0.0068 27.03 3.29e-4 37.51 6.17e-4 20.78 0.0069 41.73 1.36e-4
LM 22.71 0.0038 28.76 0.0172 26.91 6.98e-4 36.82 0.0013 21.08 0.0069 37.25 0.0012
. Hong test
- DAN 1.60 0.0544 3.56 1.86e-4 0.24 0.4065 3.12 8.97e-4 1.08 0.1397 3.66 1.24e-4
- PAR 2.23 0.0129 3.59 1.66e-4 0.76 0.2233 3.46 2.74e-4 1.40 0.0802 3.80 7.05e-5
Min - QS 1.72 0.0427 3.59 1.68e-4 0.26 0.3982 3.10 9.79e-4 0.88 0.1904 3.46 2.74e-4
- BAR 1.34 0.0901 3.08 0.0010 0.12 0.4502 2.47 0.0067 0.51 0.3036 2.75 0.0030
- TRON 3.53 2.10e-4 2.81 0.0025 4.75 1.0le-6 4.11 2.00e-5 3.19 7.06e-4 4.87 5.43e-7
- DAN 1.56 0.0595 4.18 1.43e-5 0.17 0.4335 4.19 1.39e-5 1.07 0.1431 4.16 1.55e-5
- PAR 2.30 0.0106 3.87 1.79e-4 0.75 0.2251 3.37 3.73e-4 1.40 0.0811 3.52 2.12e-4
Man - QS 1.81 0.0351 3.62 1.45e-4 0.27 0.3930 3.16 7.81e-4 0.88 0.1904 3.45 2.83e-4
- BAR 1.39 0.0815 3.11 9.40e-4 0.13 0.4499 2.43 0.0075 0.52 0.3017 2.67 0.0038
- TRON 3.69 1.11e-4 2.64 0.0041 4.81 7.56e-7 4.14 1.73e-5 3.31 4.65e-4 4.42 4.85e-6
- DAN 1.59 0.0556 1.32 0.0940 0.17 0.4312 2.39 0.0083 1.09 0.1387 3.10 9.65e-4
- PAR 2.33 0.0099 3.57 1.76e-04 0.75 0.2253 3.36 3.84e-4 1.40 0.0810 3.45 2.77e-4
Man - QS 1.87 0.0305 3.56 1.84e-4 0.15 0.4389 2.57 0.0051 0.89 0.1874 3.27 5.33e-4
- BAR 1.41 0.0786 3.12 8.90e-4 0.13 0.4496 2.43 0.0076 0.52 0.3007 2.65 0.0040
- TRON 3.76 8.31e-5 2.61 0.0045 4.86 5.89e-7 4.21 1.26e-05 3.37 3.77e-4 - 4.36 6.36e-6
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Table 2.15 Data-driven rate-optimal procedure for ARIMA-GARCH model

Model

IBM GM model P&S model
Statistic | P_value | Statistic | Pvalue | Statistic | P.value

- DAN 18.4797 0 - 37.8226 0 65.7372 0

- PAR 16.4263 0 34.1834 0 53.4157 0

My, | - QS 18.3629 0 36.0384 0 56.7731 0
- BAR 18.3797 0 46.1413 0 63.6810 0

- TRON | 7.9308 | 1.1102e-15 | 11.9425 0 40.1726 0

- DAN 21.7253 0 23.9709 0 24.9621 0

- PAR 16.3306 0 50.5197 0 68.5671 0

My, | - QS 18.5570 0 40.7055 0 53.6670 0
- BAR 19.7358 0 54.5042 0 75.2706 0

- TRON | 82077 | 1.1102e-16 | 29.5334 0 49.4989 0

- DAN 28.3901 0 67.7437 0 49.4989 0

- PAR 16.3543 0 23.9353 0 43.8906 0

Mz, | - QS 19.6236 0 63.1513 0 45.6985 0
- BAR 19.8376 0 52.9022 0 69.3646 0

- TRON | 8.3255 0 29.1711 0 45.4499 0
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Table 2.16 Rejection rate in percentage under no ACD effect of standard tests

n 256 384
m 11 16 12 18
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 04.22 08.32 04.62 09.14 04.52 07.48 04.60 09.16 04.40 08.64 04.40 09.14
LB 05.08 09.60 05.26 09.98 04.96 09.52 05.20 09.38 05.40 13.40 05.38 10.54
LM 03.46 06.32 02.64 05.90 02.26 05.40 03.26 07.02 02.78 04.08 02.40 04.92
Hong test
- DAN 09.78 06.36 06.08 09.28 06.28 09.64 09.36 06.24 06.14 09.64 05.82 09.30
- PAR 06.40 09.90 06.14 09.20 06.18 10.00 06.10 09.20 05.94 09.42 05.56 09.56
Min - QS 06.38 09.90 06.04 09.22 06.14 09.78 06.10 09.38 06.18 09.46 05.70 09.42
- BAR 06.28 09.32 06.14 09.14 05.96 09.76 05.94 09.06 06.02 09.40 05.82 09.30
- TRON 06.20 09.78 05.68 09.48 06.20 10.08 06.42 09.50 05.76 09.36 06.14 09.96
- DAN 06.54 09.28 06.34 09.36 06.28 10.02 06.08 09.30 06.38 09.68 06.30 09.96
- PAR 06.48 09.30 05.96 09.32 05.60 09.40 06.02 09.16 05.88 09.50 05.74 08.82
Mon - QS 06.56 09.24 06.00 .| 09.76 06.58 10.36 06.16 09.18 06.06 09.52 06.02 09.32
- BAR 06.44 09.24 06.18 09.34 05.90 09.28 06.10 08.76 06.04 09.22 06.06 09.34
- TRON 06.60 10.40 06.14 09.20 08.34 12.38 06.66 10.18 06.30 10.76 07.58 11.88
- DAN 07.04 10.48 07.58 11.30 06.90 10.98 07.24 10.56 08.34 12.70 09.78 15.06
- PAR 06.68 09.58 06.34 09.72 06.24 10.10 06.22 09.34 06.32 09.80 06.32 09.74
My - QS 06.64 09.36 06.56 09.34 06.58 10.36 06.24 09.38 06.56 09.90 06.54 10.26
- BAR 06.48 09.00 06.30 09.34 06.06 09.38 06.22 08.90 06.16 09.30 06.44 09.74
- TRON 07.58 11.12 08.44 12.60 10.90 15.68 07.04 10.68 07.62 12.34 09.90 15.10
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Table 2.17 Rejection rate in percentage under normal white noise of standard tests

when the parameter of the kernel is chosen from 2 to 15

n 256 384
5% | 10% | 5% | 10%
BP 13.66 | 25.76 | 14.94 | 26.96
LB 17.08 | 28.68 | 15.28 | 27.60
LM 11.06 | 20.04 | 12.16
Hong test

- DAN 13.04 | 18.16 | 13.18 | 18.86
- PAR 13.10 | 18.20 | 13.04 | 18.92
M,  -QS 13.08 | 18.06 | 13.10 | 18.76
- BAR 12.18 | 16.82 | 12.18 | 17.60
- TRON | 20.52 | 28.80 | 21.40 | 29.40

- DAN 12.66 | 15.64 | 11.42 | 14.12
- PAR 12.58 | 15.54 | 11.24 | 14.04
M, | - QS 12.48 | 15.32 | 11.30 | 14.00
- BAR 11.20 | 13.70 | 09.74 | 12.32
- TRON | 23.00 | 27.34 | 22.36 | 26.90

_DAN | 16.60 | 19.88 | 16.96  13.50
_PAR | 12.78 | 15.80 | 11.76 | 14.54
Msn | - QS 12.84 | 15.78 | 11.72 | 14.62
“BAR | 11.40 | 13.80 | 10.08 | 12.62
_TRON | 24.70 | 29.08 | 24.58 | 29.74
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Table 2.18 Rejection rate in percentage under ACD(1) effect of standard tests

n 256 384
m 11 16 12 18
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 55.70 62.40 44.80 53.10 38.60 48.50 73.60 81.70 63.20 72.50 53.90 63.70
LB 55.60 70.00 43.50 55.40 44.40 47.90 72.90 80.50 69.90 76.50 66.30 77.10
LM 54.50 62.30 40.10 50.20 32.00 40.80 71.70 79.00 61.70 68.30 50.60 58.10
Hong test
- DAN 75.90 79.90 74.50 79.30 65.90 71.20 90.30 91.80 80.40 85.20 78.90 83.20
- PAR 74.50 79.30 74.50 79.30 65.40 70.50 89.10 91.40 79.10 84.50 78.90 83.20
Min - QS 75.80 79.90 75.80 79.90 66.00 71.30 90.00 91.80 80.40 85.30 77.60 82.10
- BAR 77.20 80.70 77.20 80.70 69.80 74.40 91.10 92.30 83.80 87.50 78.70 83.00
- TRON 59.40 66.90 59.40 66.90 51.10 58.30 79.10 83.60 83.80 87.50 62.10 69.00
- DAN 76.10 80.10 67.00 72.30 63.10 69.70 90.30 91.70 83.80 88.30 75.90 80.30
- PAR 75.00 79.00 65.90 70.60 61.50 69.00 89.60 91.60 83.10 87.00 75.30 79.70
Mon - Qs 75.90. 79.80 67.10 71.80 62.70 70.50 90.10 91.80 84.20 88.40 76.10 80.36
- BAR 77.40 80.60 69.70 74.80 67.90 73.30 91.10 92.50 87.20 90.80 79.70 84.80
- TRON 60.70 67.30 51.00 58.90 46.40 55.10 79.90 83.80 70.30 77.10 61.00 69.00
- DAN 75.40 79.20 67.10 72.30 64.50 70.90 90.40 92.40 84.70 87.70 77.30 81.50
- PAR 75.10 79.20 66.30 71.20 62.30 69.30 89.80 91.60 83.40 87.50 75.70 80.50
M3zn - Qs 76.00 80.10 68.00 72.50 63.60 71.10 90.20 91.90 87.40 90.90 76.30 81.30
- BAR 77.40. | 80.50 69.90 74.50 68.80 74.40 91.10 92.60 87.40 90.90 79.90 85.10
- TRON 62.00 68.50 53.80 61.20 50.30 59.00 80.20 84.10 72.20 78.10 63.70 71.80
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Table 2.19 Rejection rates in percentage under no ACD effects of the data-driven

rate-optimal procedure

n 256 384
5% 10% 5% 10%
- DAN | 06.52 | 08.96 | 06.04 | 08.50
-PAR | 06.48 | 09.28 | 06.02 | 08.46
M, - QS 06.42 | 09.08 | 06.12 | 08.44
-BAR | 06.40 | 09.20 | 06.12 | 08.46
- TRON | 06.36 | 08.92 | 06.88 | 09.46
- DAN | 06.56 | 09.14 | 06.26 | 08.66
- PAR | 06.50 | 09.14 | 06.20 | 08.40
Moy, - QS 06.50 | 09.14 | 06.20 | 08.50
-BAR | 06.44 | 09.10 | 06.12 | 08.48
- TRON | 15.68 | 18.48 | 08.86 | 12.00
- DAN | 06.72 | 09.22 | 06.36 | 08.72
- PAR | 06.60 | 09.30 | 06.36 | 08.46
Ms, - QS 06.54 | 09.22 | 06.22 | 08.48
-BAR | 06.46 | 09.14 | 06.12 | 08.50
- TRON | 09.08 | 11.66 | 08.22 | 11.14
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Table 2.20 Rejection rates in percentage under ACD(1) effects of the data-driven rate-

optimal procedure

n 256 384
5% | 10% | 5% | 10%
- DAN | 79.50 | 83.60 | 92.40 | 93.40
- PAR | 79.90 | 83.20 | 92.40 4 94.10
Min, - QS 79.80 | 83.20 | 92.10 | 93.80
- BAR | 79.80 | 83.20 | 92.20 | 93.60
- TRON | 73.70 | 78.70 | 89.50 | 92.10
- DAN | 79.00 | 81.80 | 93.20 | 94.40
- PAR | 79.30 | 82.20 | 92.80 | 94.40
My, - QS 79.20 | 82.10 | 92.70 | 94.40
- BAR | 79.10 | 82.10 | 92.70 | 94.30
- TRON | 74.50 | 78.20 | 90.00 | 91.90
- DAN | 79.00 | 81.80 | 93.20 | 94.40
- PAR | 79.60 | 82.40 | 93.00 | 94.50
M3y, - QS 79.30 | 82.30 | 92.80 | 94.40
- BAR | 79.10 | 82.20 | 92.70 | 94.30
- TRON | 74.50 | 79.30 | 90.30 | 92.10
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Table 2.21 Rejection rate in percentage under ACD(2) effect of standard tests

n 256 384
m 11 16 12 18
5% 10% 5% 10% 5% 10% 5% 10% 5% 10% 5% 10%
BP 43.80 53.50 35.40 44.70 29.80 38.30 60.00 68.80 49.50 58.90 40.70 51.80
LB 43.20 54.20 39.70 49.50 39.00 49.70 58.60 71.70 49.40 65.00 45.00 57.00
LM 39.50 50.70 28.20 39.70 22.10 30.70 55.00 66.70 46.00 60.20 34.50 46.10
Hong test
- DAN 61.00 66.90 54.90 60.30 52.10 58.60 78.10 82.20 72.70 76.70 67.40 73.30
- PAR 60.00 66.30 53.90 59.10 50.50 58.40 77.50 81.20 71.60 76.10 66.50 72.60
M)n - QS 60.90 66.80 54.90 60.30 51.80 58.70 78.20 82.20 72.80 76.50 67.00 73.30
- BAR 62.60 67.60 57.50 63.30 56.30 61.70 79.60 83.20 74.70 78.50 71.80 76.90
- TRON 48.30 54.20 39.10 46.10 36.00 43.70 66.50 71.80 56.10 64.20 48.40 56.40
- DAN 60.30 65.10 58.60 65.40 48.60 54.80 76.20 81.20 71.20 76.10 62.80 70.10
- PAR 59.00 64.30 56.80 63.60 46.80 53.40 75.10 80.10 70.20 75.30 61.30 68.20
Maon - QS 59.70 64.80 57.90 65.10 48.70 54.90 76.50 81.30 71.40 76.40 62.8Q 69.10
- BAR 60.80 65.90 61.30 68.10 51.70 58.30 78.00 81.90 74.40 78.10 67.50 73.10
- TRON 45.50 52.90 43.50 52.50 34.40 43.10 63.50 69.70 55.10 62.50 46.40 54.30
- DAN 59.50 64.40 58.80 64.90 48.90 55.70 76.50 80.20 72.10 77.50 63.10 69.70
- PAR 59.10 64.10 57.20 64.30 47.20 54.00 75.10 80.50 70.00 75.70 61.70 68.50
M3n - QS 59.70 65.10 58.60 65.70 49.00 55.50 76.20 81.20 71.60 76.60 62.80 69.70
- BAR 60.70 66.00 60.80 68.30 51.60 58.20 78.00 81.90 74.70 77.90 67.20 72.80
- TRON 46.10 54.00 45.30 54.90 38.70 47.30 64.00 70.30 55.80 64.00 48.60 57.40
Table 2.22 Rejection rate in percentage under ACD(1,1) effect of standard tests
n 256 384
m 11 16 12 18
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
BP 65.70 75.40 57.20 67.10 52.60 59.50 83.00 88.20 77.00 84.80 67.60 75.40
LB 64.70 74.00 56.90 69.40 53.20 61.40 85.50 87.10 74.80 86.00 69.00 77.60
LM 62.00 73.90 50.10 57.80 38.50 51.70 81.60 87.90 66.30 80.60 60.90 68.30
Hong test
- DAN 82.00 84.70 76.90 80.80 70.10 75.10 94.60 95.00 90.60 92.70 90.00 86.60
- PAR 81.40 84.30 76.90 80.80 6S3.00 74.30 94.10 95.00 89.80 91.90 85.90 89.20
Min - QS 82.00 84.60 77.00 80.80 69.90 75.40 94.40 95.00 90.40 92.50 86.50 90.10
- BAR 82.80 85.20 79.00 83.50 73.90 79.00 94.60 95.20 92.00 93.50 90.10 91.90
- TRON 68.40 74.10 63.50 70.10 55.50 62.10 87.20 89.40 80.20 84.30 74.40 78.50
- DAN 79.50 82.40 75.90 80.60 71.40 75.60 92.30 93.90 89.60 91.60 85.20 88.20
- PAR 78.50 81.60 74.60 79.10 70.00 74.10 91.80 93.70 88.30 91.20 84.30 87.80
Man - QS 79.40 82.40 75.80 80.30 70.90 75.20 92.20 94.00 89.10 91.20 85.10 88.20
- BAR 80.20 83.60 78.20 82.60 74.00 79.30 92.50 94.60 90.70 92.60 87.80 90.70
- TRON 67.70 74.40 64.70 70.00 56.70 63.90 86.10 89.90 76.10 81.90 71.50 77.40
- DAN 79.00 82.70 75.40 80.60 71.70 75.90 92.50 94.80 88.20 90.90 84.90 88.00
- PAR 78.50 81.60 74.80 79.80 70.30 74.50 91.90 93.40 | '88.30 91.10 84.20 87.80
M3n - Q8 79.10 82.10 76.30 80.40 71.00 75.80 92.20 93.80 89.30 91.30 85.40 88.60
- BAR 79.90 83.40 78.10 82.60 74.20 79.50 92.60 94.40 90.70 92.60 87.90 90.20
- TRON 68.20 74.80 65.40 70.80 58.90 66.10 85.80 89.70 77.10 83.00 72.30 78.50
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Table 2.23 Rejection rates in percentage under ACD(2) effects of the data-driven rate-

optimal procedure

n 256 384
5% 10% 5% 10%
- DAN | 63.30 | 68.20 | 80.70 | 83.80
- PAR | 64.40 | 68.70 | 81.60 | 84.30
M, - QS 63.50 | 67.80 | 81.20 | 84.10
-BAR | 63.30 | 67.70 | 80.80 | 83.90
- TRON | 60.20 | 67.00 | 79.60 | 82.20
- DAN | 65.40 | 68.90 | 81.50 | 84.60
-PAR | 6510 | 68.90 | 81.50 | 84.60
Mo, - QS 65.00 | 68.70 | 81.50 | 84.20
- BAR | 64.80 | 69.00 | 81.20 | 84.30
- TRON | 64.30 | 67.90 | 78.70 | 82.00
- DAN | 65.40 | 69.10 | 81.60 | 84.60
- PAR | 65.00 | 69.10 | 81.50 | 84.60
Ms, -QS 65.00 | 68.70 | 81.50 | 84.20
- BAR | 64.90 | 69.00 | 81.30 | 84.30
- TRON | 62.70 | 66.60 | 79.00 | 82.20
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Table 2.24 Rejection rates in percentage under ACD(1,1) effects of the data-driven

rate-optimal procedure

n 256 384
5% | 10% | 5% | 10%

- DAN | 82.90 | 85.30 | 95.20 | 95.90

-PAR | 83.00 | 86.20 | 95.20 | 95.90

M, | -QS |8250 | 85.80 | 95.00 | 95.80
-BAR | 82.23 | 85.40 | 95.50 | 95.80

- TRON | 82.20 | 85.10 | 93.60 | 94.70
-DAN | 84.10 | 87.30 | 94.00 | 96.00

-PAR | 84.50 | 87.00 | 94.90 | 96.20

My, | -QS | 84.00 | 86.60 | 94.70 | 96.10
-BAR | 83.70 | 86.40 | 94.60 | 96.10

- TRON | 81.50 | 84.50 | 94.00 | 95.30
-DAN | 84.10 | 87.30 | 94.50 | 96.00

-PAR | 84.40 | 86.80 | 94.90 | 96.20

M, | -QS | 83.90 | 86.60 | 94.60 | 96.10
-BAR | 83.70 | 86.40 | 94.60 | 96.10

- TRON | 81.50 | 85.40 | 94.20 | 95.50

Table 2.25 IBM duration data statistics

Mean 29.26924 | Jarque-Bera | 44630131
Median 15.0000. | Probability 0.00
Maximum 561 Sum 1348815
Minimum 1 Sum Sq.Dev | 97023732
Skewness | 45.88527
Kurtosis | 154.5992 | Observation 46083




Table 2.26 Standard tests for IBM duration data

m 10 25 75
Statistic | P_value | Statistic | P_value | Statistic | P_value
BP 4768.9 0 7438.9 0 1323.5 0
LB 4769.5 0 7440.7 0 1324.3 0
LM 2655.1 0 2950.3 0 3186.7 0
Hong test
- DAN 1229.2 0 1224.0 0 1223.1 0
-PAR | 1223.1 0 1209.1 0 1214.6 0
My, | - QS 1203.1 0 1202.5 0 1203.8 0
- BAR 1254.6 0 1256.2 0 1260.2. 0
- TRON | 1064.3 0 1048.8 0 1075.4 0
- DAN 942.4 0 594.7 0 8120 0
- PAR 914.1 0 744.0 0 1067.4 0
My, | - QS 934.4 0 672.9 0 926.2 0
- BAR 1006.6 0 824.4 0 1025.4 0
- TRON | 7094 0 602.5 0 890.1 0
- DAN 879.6 0 803.9 0 263.1 0
- PAR 847.9 0 636.2 0 199.8 0
Mz, | - QS 873.6 0 719.5 0 250.8 0
- BAR 950.4 0 743.0 0 328.1 0
- TRON | 6425 0 505.3 0 188.3 0

Table 2.27 Data-driven rate-optimal procedure for IBM duration data

Kernel | M1,() Mon () Mz, ()

Statistic | P_value | Statistic | P_value | Statistic | P value
DAN 10702 0 6416.6 0 4748.0 0
PAR 10480.9 0 5672.1 0 4516.8 0
QS 10336.4 0 5481.0 0 4591.9 0
BAR 13755 0 7949.8 0 7000.0 0
TRON | 4728.6 0 1983.4 0 1693.7 0
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CHAPTER III

SPECTRAL FREQUENCY CHOICE AND TESTS FOR SERIAL
CORRELATION

Abstract

This paper proposes three statistical tests based on a frequency ‘band choice.
These tests are extensions of the tests for serial correlation presented in the
first essay. The main idea of the statistical tests is that the power of the test
based on a spectral density function depends on the location of its peak.
Our first class of statistical tests is a class of fixed arbitrary frequency band
statistical tests. It is well known that when the peak of the spectrum is
located at zero frequency and most of the power of the series is located at low
frequencies, the tests designed to detect serial correlation concentrated at low
frequencies are very powerful. Howerver, in the case where the spectrum has
the peak at non-zero frequencies, the power of the tests for low frequencies
is very weak. Our simulation confirms this intuition. The last two classes
of statistical tests are symmetric and non-symmetric supremum statistical
tests which allow to choose a symmetric (non-symmetric) frequency band to
maximize the statistics. By simulatigns, we find that these classes of supremum
statistical tests are more powerful than the tests presented in the first essay,
especially for the case where the peak of the spectrum is not located at zero

frequency.

Key words : Rate optimal test, serial correlation, spectral estimation, strong

dependence, frequency choice.
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3.1 Introduction

Hong (1996) proposes a class of tests for serial correlation of unknown form. The tests are
based on a comparison between a kernel;based spectral density estimator and the null
spectral density, using a quadratic norm, the Helling metric, and the Kullback-Leibler
information criterion respectively. The advantage of Hong’s tests in comparison with
some recent tests like Box and Pierce’s (BP) (1970) test, Ljung and Box’s (LB) (1978)
test and the Lagrange multiplier (LM) tests of Breusch (1978) and Godfrey (1978) is
that the null distribution of Hong’s tests are obtained without specifying any alternative
model and remains invariant when the regressors include the lags of dependent variables.
However, the power and the size of Hong’s tests and the BP, LB, LM tests depend on
the choice of the smoothing parameter (i.e., parameter of the kernels). The simulations
of Hong (1996) and ours in the first essay find that the size of these tests are better when
this parameter is high but their power is higher with small value of this parameter. For
the selection of this smoothing parameter, Hong (1996) recommends to use in practice
the cross-validation procedure of Beltrdo and Bloomfield (1987) and Robinson (1991).
However, this criterion is tailored for estimation, not for testing purposes. In fact, there is
no optimal testing properties for such criterion. In particular, it does not yield adaptive
rate-optimal tests in the sense of Horowitz and Spokoiny (2001). Many adaptive rate-
optimal procedures are based on the maximum approach, which consists in choosing as
a test statistic the maximum of the studentized statistics associated with a sequence of
smoothing parameter. The approach is used in Horowitz and Spokoiny (2001) to deal
with detection of misspecification for nonlinear model with heteroscedastic errors. The
disadvantage of this approach is that the critical values diverge and must be evaluated by
simulations for any sample size. In the first essay, we propose a data-driven rate optimal
procedure for serial correlation of unknown form which is based on the modification of
Hong’s tests. The advantages of the tests based on a data-driven rate-optimal are that
these tests allow to choose the parameter of the kernels from data and they are rate-
optimal in the sense of Horowitz and Spoikony (2001). The procedure for selection

of the smoothing parameter of this optimal procedure is similar to that proposed by
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Guerre and Lavergne (2003). This procehdure is specially tailored for testing purposes,
so it makes the tests more powerful. The fact that the statistics based on an optimal
procedure are normalized by the minimal variance also renders the tests more powerful.
By simulations, we find that the tests based on our optimal procedure are more powerful
than Hong’s tests and the BP, LB, LM tests under AR(1) alternative (see the first essay
for detail).

Hong’s (1996) tests and the tests based on our optimal procedure are based on a nor-
malized spectral density estimator using the [—m, 7| frequency band. It is well known
that when the peak of the spectral density function is located at zero frequency, so
that the bulk of the variance is located at low frequencies, a test based only on low
frequencies will be more powerful. But important estimation problems in econometrics
like estimating the value of a spectral density at zero frequency, which appears in the
econometrics literature in the guises of heteroskedascity and autocorrelation consistent
variance estimation, are shown to be "ill-posed” estimation problems. Duchesne and
Pacurar (2003) propose a test for ACD model which is based on Hong’s tests but at
zero frequency. By simulations, they find that the test at zero frequency is less powerful
than the one using the [—m, 7] frequency band. In contrast, if the peak of the spectral
density functions of series lies within business cycle frequencies, so that the power of
the series at low frequencies is very weak, the tests designed to detect serial correlation

concentrated at low frequencies may loose the power.

In this paper, we propose three classes of statistical tests for serial autocorrelation
which are based on the optimal procedure presented in the first essay. The main idea
of the statistical tests is that the power of the test based on a spectral density function
depends on the location of the peak of the latter. The first class of statistic tests is
based on a fixed symmetric frequency band. When the spectrum of the series has peak
at zero frequency, i.e., most of the power of the series is located at low frequencies, the
tests concentrated at low frequencies will gain much power. But when the peak of the

spectrum is located at non-zero frequencies, the power of the tests at low frequencies
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may be very trivial. In practice, the information about the form of the spectral density
function is unknown. So in this paper, we propose two classes of supremum statistical
tests which allow to choose the frequency band maximizing the statistic. The first class
is a class of symmetric supremum statistical tests which allow to choose a convenient
frequency band being symmetric around zero. These tests may have good power in the
case where the spectrum has the peak at zero frequency. The second class of supremum
statistical tests is a class of non-symmetric supremum tests which allow to choose a
non-symmetric frequency band maximizing statistics. We think that such class of tests
will be more powerful than tests based on [—m, 7] band for the series whose spectrum

has a peak at non-zero frequencies.

By simulations, we find that when the peak of the spectrum is located at zero frequency
and most of the power of the series is located at low frequencies, tests for low frequencies
and symmetric statistical tests are more powerful than the tests based on the whole
frequency band [—m, 7]. In contrast, if the peak of the spectral density function of series
lies within business cycle frequencies, the tests for low frequencies have weak power. In

this case, the non-symmetric supremum statistical tests are powerful.

The paper includes 4 sections. The first section is the introduction. In section two, we
specify the model. Section 3 covers the method and the test statistics. Section 4 presents

simulation results and last is the conclusion.

3.2 Model specification

Consider a linear autoregressive distributed lag dynamic regression (AD) model :
OB, =C+a V(B Xy 4 + a9 (B) Xyt + us, (3.2.1)

where the a)(B) = 27;"0 aljBl are polynomials of order m; in lag operator B associa-
ted with the dependent variables Y; and the q exogenous variables Xj;, C is a constant,
. and u; is an unobservable disturbance. The polynomial o(? (B) is assumed to have all

roots outside the unit circle, and is normalized by setting ago = 1. The Xj; are also
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assumed to be covariance stationary with E(X]?t) < oo. Note that ag = (a0, ¥mg0)’,
aj = (eaj, s amy) j=1, 2, 3,-+,¢q. Then a = (C, 0, -, 0p) is a 1 _o(my +1) x 1
vector consisting of all unknown coefficients in (3.2.1). Model (3.2.1) can be estimated
by (e.g) the ordinary least square (OLS) method. Any form of serial correlation involves
inconsistency of the OLS estimator for « and/or its covariance matrix. It is well known
that the serial correlation of {u;} may occur due to misspecification of model (3.2.1),

such as omitting relevant variables, choosing too low lag order for Y; or the Xj;, or using

inappropriatly transformed variables. So the hypotheses of interest are :
Hy:p(j) =0forall j#£0 v.s. Hy: p(j) # 0 for some j # 0,

where p(j) is autocorrelation of residuals of order j.

3.3 Method and statistics

In this section, we present the method and the statistical tests for autocorrelation of
unknown form which allow to choose a band of frequencies of spectral density function in
order to maximize the power of the test. The main idea of the statistics is that the power
of the test based on a spectral density function depends on the location of its peak. If
the peak is located at zero frequency, so that the bulk of the variance is located in low
frequencies (see figure 3.1), the test based on a symmetric frequency band close to zero
may be more powerful than a test based. on the entire (whole) [—m, 7] frequency band.
But in practice, we don’t know if the bulk of the variance is located at low frequencies, so
we propose a test based on the supremum of a statistic for a symmetric frequency band.
This statistic allows to choose the [~ ), A] frequency band maximizing the statistic. We
think that this test may be more powerful than the one based on the [—, 7] frequency
band when the peak is located at zero frequency, so that most of power of the series is

located at low frequencies.

However, the variance of a series may have a spectral density with a peak at non-zero
frequency like in figure 3.2. In this case, the power of the test based on frequencies close

to zero may be very low and the symmetric supremum statistical test may not be very
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powerful. In such a case, we can think about a non-symmetric supremum statistical test
which allows to choose a [A1, Ag] frequency band permitting to maximize the statistic.
This test is thought to be more powerful than the symmetric supremum statistical test

in such case.

In the next sub-sections, we will present the statistical test based on a fixed frequency

band, the symmetric supremum, and non-symmetric supremum statistical tests.

3.3.1 Test based on a symmetric frequency band

Suppose that {u;} is a stationary real-valued process with F(u;) = 0, autocovariance
function R(j), autocorrelation function p(j), and the normalized spectral density func-
tion using the [A1, A2] frequency band is

f(w) Z p(7)cos(wy) with w € [A1, Ag] (3.3.2)

j=—00
where A\; < Ay. The hypotheses of interest are :
Hy:p(j) =0 forall j #0 vis. Hy : p(j) # 0 for some j # 0.

The null hypothesis Hy is strictly equivalent to f(w) = fo(w) = 1/(27) for all we[—Aq, Ag.
Our test statistics are based on the difference between f(w) and fo(w). If this difference
is large enough, the null hypothesis will be rejected. Let D(f1, f2) be a divergent mea-
sure for two spectral densities fi, fo such that D(fy, fo) > 0 and D(fy, f2) = 0 if and
only if fi = fo. The consistent test can be then based on D(fn; fo) where fn is a kernel
estimator of f. The following example of D is used for measuring the difference of f from

fo : Quadratic norm :

1/2

A2
Qf, fo, M, A2) = [QW/A (f(@) = fo(w))?dw| . (3.3.3)

Now, since f{w) is unobservable, we need to estimate it. Let & be an estimator of «.

Then the residual of (3.2.1) is :

4, = 6O (B)y, — ¢ — aM(B) Xy, — - &9(B) X, (3.3.4)
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An estimator of the normalized spectral density function f(w) is :

n—1

flwy=@m™ > pli)cosws), (3.3.5)

j=—(n-1)
with p(5) = R(5)/R(0) and R(j) = n~! > iepj+1 Uy _y5. A kernel estimator of f(w) is
given by :

n—1
fwy=0©m™ 3" k(/pa)p(G)cos(w)), w € [=A1, Aa] (3.3.6)
j=—n+1

where the bandwidth p, is an integer and p, — o0, p,/n — 0 when n — oo. The

following conditions are imposed :

Assumption 3.3.1 k ‘R — [-1,1] is a symmetric function that is continuous at zero

and at all but a finite number of points, with k(0)=1 and [ k*(z)dz < co

The conditions that k(0)=1 and k is continuous at 0 imply that for j small relative to
n, the weight given to p(j) is close to unity (the maximum weight) and the higher j is,
the less weight is put on p(j). This is reasonable because for most stationary processes,
the autorocorrelation decays to zero as the lag increases. Assumption 3.3.1 includes the
Barlett, Daniell, general Tukey, Parzen, Quadratic-Spectral (QS) and truncated kernels.
Of them, the Barlett, general Tukey and Parzen kernels are of compact support, i.e.
k(z) = 0 for |z| > 1. For these kernels, pn is called the ”the lag truncation number”,
because the lags of order j > p, receive zero weight. In contrast, the Daniel and QS
kernels are of unbounded support ; here p is not a “truncated point”, but determines

the “degree of smoothing” for fn

As in the two previous essays, define

Ty, () = (1/2)nQ%(fa, £, ) — Culk, M), (3.3.7)

where Cn(k,\) = E[(1/2)nQ%(f,, f, N)]. The analytic form of Cy(k,)) is shown in
Lemma 3.3.1. To simplify the notation of the statistics, define STy (A) = (1/2)nQ2(fn, f, V).
We have

STy = (1/2)nQ%*(fu, £, N)



131

A n—1ln-1 .
= (1/7r)n/ [ p(1)P(5)k (/P )k (5 /P ) cos (i) cos(jw)]dw

= (1/mn 3 3 PRI ) (T UL,
To establish our statistic, we need to derive the analytic form of the mean and the
variance of Ty, ()\). Define R(5), ST (\), and Ty..(N), the unfeasible approximations of
R(5), ST1(\), and Ty, (A\) that ignore the effect of the estimation of the parameter o of

the model 3.2.1.

Lemma 3.3.1 Assume that the centered i.i.d. w,’s have eight-order moments o2, 13, . . . , iig

under Hy. Then, under the null,

E(R3ST,) = % il—J/n k(j/ps) A
5 3 n—1 2_0_8
Var(Ro'ST1) = 23 7k (j/pa) A° [(1—j/n><1—<j+1>/n>08+“ - (1—j/n>]
j=1
+ 8 Y K(j/pa)k*(i/p) B’
1<j<i<n—1

n

+ 8 Z Z k(31/pna)k(i1/pa)k(j2/Pr)k (12 /Dn) B (1,2, J1,2)
1<51<i1<n—11<j2<ip<n—1

o8

71—(1 —max(iy,ia)),

ot — o8 40 . o
-2 [(1—i/n)(1—j/n)08+3(u4 )+ (1—Z/n+(1—(1+2)/n)+)]

where A = </\ + Ln(gj’\)), B = <3i”((i_.j)’\) + sm((”.j)’\)) and

23 1—j i+
. . _ ([ sin((G1—51)A) sin((t1471)A) sin((ig—j2) ) sin((i2+72)A) _ .
B(leQ’jva) - ( 111 ]11 + 1'11-1-]'1l ) ( i22—j22 + i;l—jzz ) Ifp = pn di-
verges with p° = o(n) and k(-) is continuous over its compact support,
; 1
Calk,N) = B(ST1) = = Y (1= j/n)k(j/pn) A
7j=1
5 R n—1
Var(STy) = Var(Tp.(k, ) =272 3 k4 (j/pa)A*(1 - §/n)(1 = (5 + 1)/n)
j=1

+ 4n™ D K(/pa)k?(i/pa) B

1<j<i<n—1
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Proof : See appendix.

Let Dy(k,\) = Var(T,,(k,\)). When X = 7, we have D, (k,m) = 3721 (1 — j/n)(1 -
(G +1)/n)k*(5/pn)-

For the choice of the parameter of the kernel, we apply our data-driven rate-optimal
procedure presented in the first essay. Let P be a set of possible values of p, and J, be

the number of the elements of P. We have :

P = {pmin)pmin + 1, 7pmax} ) (338)

where pmin and Pmas are chosen in order to make that J, = Pmaz — Prin tends to infinity

when n tends to infinity and p,,;, is order of Inlnn.

On informal grounds, the approach of Guerre and Lavergne (2004) favors a baseline
statistic Tpno with lowest variance among the Tpn. In our case, the approximation of the
standard deviation of Tpn()\) is Up, (A) = /2Dy (k, A) where D, (k, \) is defined above. It
is easy to demonstrate that 2D, (k, A) obtains minimal value when p, is equal to pmin.

The test based on a fixed symmetric is the following :
Min(ny A) = T3, (N)/(2Dno (k, )72, (3.3.9)

where 2D,,0(k, \) is the minimum variance of T, and f, is the solution of

ﬁTL = a‘rgma‘xpnep {Tpn()\) - 'Yn@pn,pno} = argmaazpnep {Tpn()\) - Tpno()‘) - 'YH@Pn,PnO}
(3.3.10)
where v, > 0 and 0p,, 5, = \/2Dn(k) + 2D, (k) — 4D, n, the approximation of asymp-

totic null standard deviation of T}, — 7, ,. Our criterion for the choice of the kernel
parameter penalizes each statistic by a quantity proportional to its standard deviation
while the criteria reviewed in Hart (1997) use larger penalty proportional to the va-

riance. Indeed, the definition of p, yields

Tipo (V) = m2x {Tips () = WnBpu g } + VaBprno 2 Tpu(N) = Bpumoy (3:3.11)
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for any p, € P. As a consequence, a lower bound for the power of the test is :
P (ﬁﬁn(A) 2 {)WOZQ> Z P (Tprn(A) Z {)PnOZC! + ’Y'ﬂfap'n,p'n0> > (3312)

for any p, € P and i =1, 2, 3. Since 0y, p., = 0, we have the following implication of
3.3.12
P (Tig,(N) 2 99y Z0) 2 P (Tpng(N) > BipnoZa) (3.3.13)

When A = 7, the statistic M1, (Pn, A) becomes the statistic proposed in the first essay

i=1
My = (”Zk(j/ﬁm?(j) — CnUf)) /(2Dno (k)2 (3.3.14)

If the peak is located at zero frequency, so that the bulk of the variance is located in
low frequencies, the test based on a A close to zero may be more powerful than a test
based on the entire (whole) frequency band [—m,7]. But in practice, we don’t know if
the bulk of the variance is located at low frequencies, so we propose a test based on
the supremum of a statistic for a symmetric frequency band. This statistic allows to
choose the [\, A] frequency band maximizing the statistic and we think that this test
may be more powerful than the one based on the [—m, 7| frequency band when the peak
is located at zero frequency, so that most of the power of the series is located at low

frequencies. The symmetric supremum statistical test is then

$1(0) = Supselmn,n)[T5, (\)/ (2Dng (k, M)V, (3.3.15)
This statistic allows us to choose the [—A, A] frequency band maximizing the statistic.
We conjecture that this test may be more powerful than that based on the [—m,7]
frequency band when the peak is located at zero frequency, so that most of power of

the series is located at low frequencies.

3.3.2 Non-symmetric supremum test

It is well-known that the spectrum of macroeconomic or financial time series may have a

peak at business-cycle frequencies, i.e., non-zero frequency. In this case, the test based on



134

a frequency band close to zero is less powerful and the symmetric supremum statistical
test may not have gain in power comparing to the Mi,(f,,7) test. So in this section,
we present a non-symmetric supremum statistical test. The main idea of this test is the
same as the symmetric supremum statistical test in the sense that it allows to choose
the frequency band maximizing the statistic but this band is not symmetric around
zero. This means that it allows to choose the frequency band in which the peak of the

spectrum and most of the power of the series are located.

Define
Tpn (A1, 22) = (1/2)nQ% (fr, £, A1, A2) — Cr(k, A1, A2), (3.3.16)
where Cp(k, M, A2) = E[(1/2)nQ?(fn, f, M, Aa] = E[STa(M, A2)]. The analytic form of
Cp(k, A1, Ag) is shown in Lemma 3.3.2. We have
STa(M,h2) = (1/2)nQ%(fa, £, 1, X2)
= 0smar [ 1) — fola
2

= (1/m)n / z—: ’ /‘pn)cos(zw)]de

n—1n-1

_ Z Z (sm (i~ H)A2) — sin((i — 5)A1) N sin((1 + 7)A2) — sin((i + 7) A1)

i=1 j=1 Z_J 7'+~7

p(&)p(5)k(i/pn)k(3/pn) (1/m)n.
Define R(j), ST, and T,,, as the unfeasible approximations of R(j), ST, and Tpn, that

ignore the effect of the estimation of the parameter o of model 3.2.1.

Lemma 3.3.2 Assume that the centered i.i.d. u, 's have eighth-order moments o2, u3, . .

v

ug under Hy. Then, under the null,

BUBST>(0,0)) = =% Y (1= 3/m)k(s/pn)D

n

o n—1 2_0_
Var(RoSTo(Mg) = 23 m k4 (j/pa)D” |(1 = 3/m)(1 = (G + 1)/m)o® + B2 (1= j/n)

+ 4 Y KR /pa)kNi/pn)CPotn

1<j<i<n—1

)
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0.4_0.8 0_4
[(1 —ifm)(1— ) + AT ZTVET (g (1 (54 i)

+ 8 > > k(1/pa)k(ir/pn)k(j2/Pa)k(i2/Pa)C (i1 2, 51,2)
1<71<ii<n—11<jp<ip<n—1

o8
- 1)),
- ( maz (i1, iz))

where C = 0.5 (sm((z J)Aa)—sin((i—j) A1) + sin((i+7)A2)—sin((i+7)A1)

i—J i+37 ’
. . sin((i1—j1)A2)—sin((d A1) in((i47)A2) —sin((G1+51)M)
Clira, j12) = 0.25 ( 1—71 31 ;: 1=j)M) | st 2”+]711 1+51)M )
n((d )A2) ( JA) in((iz+J2)A2)—sin((E2+j2) M) _ in(2iA2) —sin(2ilz)
(sz 12—j2 32 jzn i2—72) M1 + sin((iz+j2 f2+j2n ig+72) M1 )) D =05 (/\2 _ /\1 + sin 2 - in 2 )

If p = p,, diverges with p> = o(n) and K () is continuous over its compact support,

=
Ca(k,A1,22) = E(ST2(M, A2)) —Zl—J/n (3/pn)D

:q

Var(STa(M, %)) = Var(Tp, (k, A1, A2)) 221&‘ (j/Pa)D*(1 = j/n)(1 — (j + 1)/n)

+ 4ty (J/pn)kz(l/pn)

1<j<i<n—1

For the choice of p,, we apply the same procedure as used for 5’1(/\).

Let 2D,0(k, A1, A2) = Var(T,, (k, A1, A2)), then the non-symmetric statistic of the test

is the following :
Min(Br, M1, A2) = T5, (M1, A2)/(2Dno (K, A1, A2))M2. (3.3.17)

If we can choose the [A1, A2] frequency band such that the peak of the spectrum and
most of the power of the series are located in this band, the test will be more powerful
than the one based on the whole frequency band [—m, 7. It means we want to choose the
[A1, A2] frequency band to maximize the statistic Myn(Pn, A1, A2). Our non-symmetric

supremum statistic is then
S2(A1, A2) = Supr rge(—mml[Tpa (A1, A2)/ (2D (K, A1, A2)) /2], (3.3.18)

We conjecture that the S(A1, Ag) will be more powerful than the S;(A) in the case

where the series have a peak at business-cycle frequencies, i.e, non-zero frequencies.
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3.3.3 Critical value

We know that for each value of A, the distribution of the My, (p,, A) is standard. But for
many values of A, since the covariance Between the My, (pn, A) is not null, the critical
values will be not standard. So for the statistical tests 51(A) and Sa(A1, ), we need to
simulate the critical values. To estimate asymptotically the critical values, we assume

the following :

Assumption 3.3.2 {u;} is identically and independently distributed (i.1.d) with E(u) =

0, B(u?) = 03 et E(u}) = py < oo.
Assumption 3.3.3 : nl/%(& —a) = Op(1).

Since the null distribution of Hong’s (1996) tests and the tests based on a data-driven
rate-optimal procedure presented in the ﬁrst essay are derived under assumptions 3.3.1,
3.3.2, 3.3.3 without having to know the correct value of « of model 3.2.1, the distribution
of u¢, and since their statistic is based on the normalized spectral density function, the

critical value of the test can be estimated by the following procedure :

1. Generate the process u; which is N(0,1), t=1,....,n.
2. Calculate the statistic My, (p, M), 5'1(/\), Sa (A1, Ag).

3. Repeat steps 1 and 2 many times and take the quintile at 95% as critical value.

3.4 Simulation results

In this section, we examine the power of all supremum statistical tests derived above

by Monte Carlo simulation. We consider the following DGP,
Ye=d1Yio1 + ¢oVio + 1 (3.4.19)

where ¢1 + ¢2 < 1 and u is N(0,1). A second-order autoregressive process is useful for

our purposes because its spectrum may have a peak at business-cycle frequencies or at
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zero frequency. The spectrum of a second-order autoregressive process is equal to
2
06

1y @2 + ¢2 — 261 (1 — ¢2)cosw — 2 c082w

fy(w)

and the location of its peak is given by
—0; % fy(w)?2sinw(¢1 (1 — ¢a) + d¢pa) + dpacosw].

Thus, f(w) has a peak at frequencies other than zero for

—¢1(1 — ¢2)
210))

Then f,(w) has a peak at w = cos™(—¢; (1 — ¢o)/4¢o (Priestley, 1981). To examine the

$2 < 0 and ‘ <1 (3.4.20)

power of our tests, we consider 3 cases : (a) ¢, = 0.9, ¢ =0, (b)¢1 = 0.2, ¢ = —0.6,
(¢) 1 = 0.2, ¢2 = —0.9. The spectrum of process (a) has a peak at zero frequency,
so that the bulk of the variance is located in low frequencies (i.e., most of the power
of the series is located at zero frequency) (see figure 3.1). Since the tests are probably
powerful, for this case, we have to apply these tests for the small sample size n=30.
For process (b), the peak of the spectrum is located at business cycle frequencies and
the power of the series at low frequencies is probably weak (see figure 3.2). The sizes of
samples used are 30, 64, 128 respectively. Process (c) is a special case where the power
of the series at low frequencies is close to zero. Like the first process, we examine the
power of the tests for a small sample size n=30. For all processes, we apply the tests

Min(fn, \), where X\ = 7, 7/10,7/20, S1(\), and Sy(A1, Ao)'.

The following kernels are used :

Daniell (DAN) : k(z) = sin(nz)/nz

1-— 6(7rz)2 + 6|7rz/6|37 13| < 3/m
Parzen(PAR) : k(z) =¢ 2 — (1 — |72/6])3, 3/m < 2| < 6/7

0, otherwise;

'For the last two tests, the band [—x, 7] is divided into 20, it means that each step will be «/20.
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1—lzf, [2] <1
Barlett(BAR) : k(z) =

0, otherwise;

QS:k(z)=<9/(z27r2)>{sm( 5/312)/(+/5/3m2) — cos( 5/37rz)};.

Here, DAN, PAR, and QS belong to k(7/+/3), BAR belongs to k(7). For our test, we
set the band {Pmin, .-, Pmaz} With pmim = maz(round(inin(n)), 2)? where it is equal

to 2 for all samples examined (30, 64, 128)and pma, = [6Inn].

To simulate critical values, we take 5000 replications and the power of the tests is
examined under 1000 replications. The tables 3.1, 3.2, 3.3 present critical values of the
Mg (B, 7), Min(Pn,7/10), Min(Pn,7/20) and the supremum statistical tests Sp()),
and 5’2()\1,)\2), Like Hong's (1996) tests and the tests based on the data-driven rate-
optimal procedure presented in the first éssay, the choice of the kernel has an impact on
the level and the power of the tests. We find that the Daniel kernel delivers the highest
critical values for all cases while the Barlett kernel has the lowest critical values. For the
My (Pn, A), when A is smaller, the critical values are higher. The difference in the critical
values of the supremum statistical tests 5’1()\), and 5’2()\1, Ag) of different kernels is large.
This difference can be explained by the property of each kernel. Figure 3.4 illustrate
this difference. This figure presents k2(i/p,) where p, = 2 and i=1,.., n. We see that
for the Daniell kernel, k%(i/p,) decreases quickly and from i=4, it fluctuates around
zero while for other kernels, it dies after some periods. So the choice of frequency has
much more impact on the critical value for the Daniell kernel than for the other kernels
and it is why the critical values of the S’l()\) and S3(\1, Ag) for this kernel are always
the highest. Especially, for the Barlett kernel, it decreases to zero just after one period.
In this case, when p, chosen is ppn=2, it is easy to demonstrate that for the Barlett
kernel, gl(/\):gg(/\l,/\g):Mln(ﬁn,/\):Mln(f)n,ﬂ'). For all tests, the pmin is chosen by

maz[in(lnn), 2] where n is the sample size. For all size n=30, n=64, n=128, p,,;, = 2. It

%Since D, (k) = 0 when p, = 1 for the Bartlett kernel, pmi» must be higher than 1.
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means that the choice of frequencies doesn’t have any impact on the statistic with the
Barlett kernel in this case. We know that for all tests presented here, when n diverges,
the chosen P, is pmin. It is also a reason why the. critical values of 5'1(/\), 5'2(/\1,/\2),
Min(Pn, A) for the Barlett kernel are always the smallest. When the size of the sample

is large enough, this difference is reduced.

Table 3.4 presents the percentage rejection rates of all tests under an AR(1) whose
coefficient is 0.9 at sample size 30. This process has the peak of the spectrum at zero
frequency and most of its power is located at very low frequencies (see figure 3.1).
The results of all tests confirm our intuition that for such processes, the tests at low
frequencies will be more powerful than the one using the frequency band [—m,7]. The
power of the supremum statistical teStS,SQ(/\],/\Q) is higher than 51(/\) and they are
higher than My, (p,, ) test. This last result is not surprising because these tests allow

to choose the frequency band maximizing the power of the tests.

We would also like to examine the power of all tests under an AR(2) for which the
peak of the spectral density function is at business cycle (i.e, non zero) frequencies. The
power of all tests under process (b) at sample size 30, 64, 128 are presented in tables
3.5, 3.6, 3.7 respectively. When the size of the sample increases, the test power is higher.
The tests at low frequencies My, (Pn, 7/10), M1, (Dn,7/20) have very trivial power in
comparison with the M, (p,, ) and 5'1(/\), 5'2(/\1,/\2) tests for all sample sizes. This
is because the power of the process (b) at low frequencies is very weak. When sample
sizes are small (n=30 and n=64), the SI(A), 5'2(/\1, A2) supremum tests are much more
powerful than the M, (fn, 7) test and the S5 (A1, A2) test delivers much more power than
the S1()\) test. This result supports our idea that $;(A), S2(A1, A2) are more powerful
than the M1, (p,, ) test. When the sample size is large (n=128), the rejection rate of
the My, (pn, 7) and Sl(A) are similar but that of the S'Q(Al, Xg) is higher. When the tests
are applied at low frequencies, the Daniel kernel always detects the serial dependence

of the series much better than the others.

For process (c), the non-symmetric supremum statistical tests deliver a higher power
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than the symmetric supremum statistical test. This result comes from the fact that
for the process whose spectrum has a peak at non-zero frequencies, a non-symmetric
frequency band may deliver a higher statistic than that of a symmetric frequency band.
In this case, the My, (Pn,A\) with a small A has a very weak power. And this result
confirms one more time that the power of the test at low frequencies has very trivial

power when the peak of the spectrum is located at business cycle frequencies.

In short, for all tests My, (pn,A) and SI(A), S'Q(AI,AQ), the choice of the kernel has
an impact on the size and the power of the tests. When the spectrum has a peak at
zero frequency and most of power of the series is located at low frequencies, the tests
at low frequencies are more powerful than the one using the [\, A] frequency band.
But when the peak of the spectrum is located at business cycle frequencies, the tests
for low frequencies have a very weak power. For all cases, the supreme tests S'I(A),
SQ(M, M) are more powerful than the M, (p,,7) at small sample. When the sample is
large, they perform similarly. When the peak of the spectrum is at zero frequency, the
power of the non-symmetric supremum tests S'Q(Al , A2) is not worse than the symmetric
supremum statistical tests S;(\) but Sa(A1, Ap) performs better than the latter when
the spectrum has the peak at non-zero frequencies. So the non-symmetric supremum
statistical tests SQ(AI,AQ) may have the best power in the sense that they allow to
choose a non-symmetric around zero frequency band [A1, A2] to maximize the power of

the test.

3.5 DPossible extensions

The three classes of statistical tests My, (Dn, M), S1(N), and SQ(AI,AQ) are derived for
detecting serial correlation of a process which may be the residuals of a model or its

transformation or a time series.

In practice, for financial models, problems with ARCH (autoregressive conditional he-
teroscedasticity) effects and/or ACD (autoregression conditional duration) arrive very

often. From the perspective of econometric inference, neglecting ARCH effects may lead
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to arbitrarily large losses in asymptotic efficiency (Engle 1982) and cause overrejection
of standard test for serial correlation in condition mean (Taylor 1984 ; Milhoj 1985 ;
Diebold 1987 ; Domowitz and Hakkio 1987). Weiss (1984) points out that ignoring the
ARCH effect will result in overparameterization of an ARMA model. So estimation and
testing for ARCH effects have recently attracted significant attention from researchers.
The presence of ACD effects may affect the variation of risk of financial time series, so
detecting this effect is quite useful in practice. The tests for autocorrelation relative to
ARCH and ACD effects become tests for serial dependence of a process. So the tests
Min(Pr,y A), 5'1(/\), and 5'2(/\1,/\2) could be applied for a transformation of the residuals

of a model or of a time series to detect ARCH and ACD effects (see the second essay).

3.6 Conclusion

In this paper, we propose three classes of statistical tests for serial correlation of unknown
form which are based on our optimal procedure presented in the first essay but the
frequencies of spectral density function used are not all frequencies belonging to the band
[—m, 7]. Furthermore, a frequency band choice procedure for tests using kernel-based
spectral density estimator is proposed. The first class of statistical tests is Mj,(Pn, A)
where A is fixed and is chosen arbitrarily. Our simulation study shows that the choice
of kernels has an impact on critical values under a bounded sample and also on the
power of the tests. We also find that when the peak of the spectrum of spectral density
function is located at zero frequency and most of power of the series is located at low
frequencies, the tests Mj,(p,, A) with small A (i.e, tests at low frequencies) are more
powerful than the My, (p,, 7). But when the spectrum of the process has a peak at non-
zero frequencies, the tests at low frequencies are very trivial with a very weak power.
In practice, the information about the location of the peak of spectrum is unknown a
priori. Two classes of supremum statistical tests are proposed to solve this problem.
They allow to choose the frequency band to maximize the statistic and the power of the
tests. By simulations, we find that these two classes of supremum statistical tests are

more powerful than the M, (5,, \) with a fixed A and for the case where the spectrum of
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the process has a peak at non-zero frequencies, the non-symmetric supremum statistical
tests perform better than symmetric supremum statistical tests and certainly better

than My, (pn, T) tests.



APPENDIX

Proof of Lemma 3.3.1, 3.3.2. Since ST} is a special case of STy for Ay = Ag, we
begin by the demonstration of Lemma 3.3.2.
_ sin((i—7)A2)~sin((1—7)A1) sin((i+g)A2)—sin((i+7)A1)
Let C = 0.5 ( - D g ) ),
D =05 (/\2 S\ sin(Qi/\g)Q—isin(%/\g)>.

n—1n—1

STy = (1mny > Ch(i)p(i)k(i/pa)k(i/pn)

i=1 j=1

REST, = Zk2 G/pa)REG)D+2 > k(i/pa)k(j/pa) RGR(G)C| -
1<j<i<n~1
So
ER3ST, = E{" zkﬁ G/p)R2G)D+2 > k(i/pa)k(i/pa)R()R(G)C
™1 1<j<i<n—1
n n-l , o , L
= —<SE|> K(j/pa)R*(j)D| +2E > k(i/pa)k(i/p) RG)R(H)C
T L7=1 1<j<i<n—1
We have
2
Zut—i—] Uy + Z Uy 5 Uty Uty +5Uty - (3'0-21)
1<t1<t2<n 7
Hence

b

ER2=o* + ™ and for j >0, E§§=n;]“4
n n

since, in (3.0.21), E (utytUsoUty+5Ut;) = E (Usp45) E (Ugusy 45u,) = 0 for j > 0 by
independence of the centered u;’s. Following Lemma 1.3.1 of chapter 1, we have

E |no 4Zk2 (5/pn) R2

7=1

=%i (1= 3/n)k(3/pn).

It is easy to demonstrate that

E| Y k(i/p)k(i/pa) ROR()C

1<j<i<n—1
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So we have
o 1 n—1
ERGST, = —o*) (1—j/n)k(j/p.)D +0
m =1
n—1

= Y (- /(i /pa)D.

L 2 n—1 -
var(R3ST,) = :—{UGT k*(/pa) R*(4)D

+ dvar [ > k(i/pa)k(i/pa) R(1)R(J )CH

2
j=1 1<j<i<n—1
’I’L2 n—1 . . . ' ' R R
+ —y2cov [ k(3 /pn)R*(G)D, Y k(i/pa)k(i/pa) RGR(G)C| .
Jj=1 1<j<i<n—1

Following Lemma 1.3.1 of chapter 1, the first item n?var [Z” 12 (]/pn)RQ(j)D} is

(1) = nPuar [i K2(j/pn) B2 (5)D

n-1 8n 1
= 22 1—3/n)(1— (G + 1)/n)k* (j/pa)o®D? + Zk" (7/pn)(1 = j/n)D?
4(pgo? — o8) 2, . 9. 1 L N 2
+ Y K(G/pn)K (/pa) (1= 1/i+ (1= (5 +i)/n)") C*.
1<j<isn—-1

The second item n?var [Zlgj«:gn—l k(i/pa)k(j/pn) R(E) R(j )C}

1<j<i<n—1

(2) = HQWT[ Y. k(i/pn)k(j/pa) R(I)R()C
= >, Y. k(i1/pa)k(G1/pa)k(ia/pn)k(j2/pa )0’

1</1<i18n~11551<i1<n -1

Cir, j1,2)cov(R(ir) R(j1), R(ia) R(ja)),

where C'(11 2, j1,2) = C(41,71)C/(i2, J2) and

Ol = 05 (24 =8De) = infle —30N) , sinf +50%e) sl + )Y

t=1, 2.
cov(R(i1)R(j1), R(i2) R(j2)) =

n—j1n—j2n-—jan—ji

—2
Z Z Z Z Cov(utlutl-wluhuh-i-zl>u53ut3+J2ut4ut4+22)

=1 ta=1 tz=1 t4=
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We have

if0< g <iandi=is=1i
N1=7J2=1J

pq0? 1 =13, =14
and {t; + 7,1} U {ta +4,t2} # 0
(2(n —1) +2(n—j — 1)t items),
if0<j<iandi =iy =1,
n=J2=17

5 ty =13,t2 =14
and {t; + j,t1} U {ta +1,t2} =0
((n=19)(n—7) —2(n —1)
—2(n —j —14)") items.
if0 < j<iandiy =iy =4
n=J2=7

! t = to, b3 = Ly
and

COU(Uty Uty +j3 Uty Uto +iy » Uty ta 4o Uty Uty +in) =

{tl +7=tg,ort)+j=tz+jorts+i= tl}
(n—1i+2(n—1—7)") items.
if 0 < j <iand i # i,
1 # Jo

8 t1 =t2,l3 =14
and
{tr + 41,0 + i }={ts + o, 13 + ja},
(n — max(i1, 12)) items.
if 0 <j <iand i #ig,
J1 # Jo

8 1 =13,l2 =1y
and
{t1 + 11, t3 + i }={t2 + j1,ta + j2},
(n —max(iy, i2)) items.

0 otherwise
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for i1 < 71, 12 < j23
The last term cov |71 k2(3/Pa) B2(5)D, 1 cicnr k(i/pa) k(i /pa) B R(G)C) is
1<t1<ta<n—1

n—1
(3) = cov (ZkQ(j/pn)RQ(j)D, > k(tl/pn)k(t2/pn)CR(tl)R(tQ)))
i=1

n—1
_ Z Z DCcov(R%(5), R(tl)é(t2))~

=1 1<t1<to<n-—1

n—ty n—tg
cov(R%(j), R(t1)R(t2)) = n™'cov Zuhull+] 5D Uiyt iy Uy
=1 lp=1 I5=1
n—ty n—to
= n! Z Z Z cov (uluulll-l-jullzullz'i-j)ul'zul'z+t1ulsuls+t2)
1<hi hie<n—j l2=1 I3=1
= 0,
for all t; < tg. So we have
o n—1 2 _ 8
Var(B§STz) = 23w %K' (j/pn)D" [(1—j/n><1 —<j+1>/n>08+%<1~j/n>]
=1
+ 4 ) K/ pa)k*(i/pa)C?
1<j<i<n—1
‘ 3(ua0 — 0%) + o’
- [(1—z/n><1 gyt MOV EIT g g (1 (G i)
+ 8 > Y kG /pn)k(ir/pa)k(Ge/pn)k(i2/Pn)C(i1,2, 51,2)

1</1<i1€n—11<j2<i2<n—1
8

o o

—(1 = maz(i, i2)).

If p = p, diverges with p® = o(n) and k() is continuous over its compact support, we
have

8 n—1

)1 =j/m)D* < =% 1(j < Lp) = O(p/n) = olp),
] 1

— Zk“ G/p)(E

*If j < iand {t1 + 5,1} U {t3 + i, t3} # 0, the number of items is

n— n—1

u

Ih+gj=te+i)+I(1+g=t)+I(t1=ta+9) +1(t1 =12))

-~

1

o~

1 2=1

» n—j n—i

(z SR D 0 S SRS 3 0} LUSTS R SIS SR

t1=j+1ty=i+1 ty=j+ltp=1 t;=1ta=i+1 ¢;=11t3=1
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Buaot =% 4 a0t () i (1= (G + i)t O

LS R K G

1<j<i<n—1 n
2
n—1
< % (Z I(j < Lp)) =pO (%) = o(p),
j=1
08
DY D0 kUr/pak(ia /Pa)k(i2/pa)k(iz/p)Clin2, j1.2) (1 = maz(in,i2))

A1<ii<iusn—11<52<i2<n—1
4

n—1
= (Z 1(j < Lp)) 0 (L) = olp)
j=1

M4/n20(1)7
So
Var(STs) = 2073 K(5/pm)DA(1 = i/m)(1 - (G + 1)/n)
j=1
4 S w R0 ek ) (1 — i/m)(1 - 3/n)CP.

1<j<i<n—1

When A1 = A2, D=A and B=C, Lemma 3.3.1 is proved.



Figure 3.1 Spectral density function with zero frequency
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Table 3.1 Critical value of tests, n=30
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n DAN PAR QS BAR

5% 10% 5% 10% 5% 10% 5% 10%
A=pi 1.8320 | 1.0989 | 1.8007 | 1.1014 | 1.8154 | 1.0852 | 1.8076 | 1.0889
A=pi/10 | 2.2764 | 1.2486 | 2.1439 | 1.1056 | 2.1999 | 1.1752 | 2.1825 | 1.1456
A=pi/20 | 2.5823 | 1.3700 | 2.2562 | 1.1462 | 2.2704 | 1.2536 | 2.1987 | 1.1384
5'1(/\) 3.4452 | 1.7612 | 3.0137 | 1.5039 | 2.7939 | 1.4600 | 2.4168 | 1.2650
5’2(/\1, Ao) | 3.7864 | 2.4050 | 3.4390 | 2.2783 | 3.3974 | 2.0665 | 2.0734 | 1.1788
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Figure 3.2 Spectral density function with non-zero frequency
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Figure 3.4 Graphic of k?(i/p,) where p, = 2
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Table 3.2 Critical value of tests, n=64

DAN PAR QS BAR

5% 10% 5% 10% 5% 10% 5% 10%

A=pi 1.9433 1.1498 | 1.9189 | 1.1585 | 1.9438 | 1.1666 | 1.9329 | 1.1586
A=pi/10 | 2.3504 | 1.3412 | 2.0209 | 1.1601 | 2.0608 | 1.2377 | 2.0973 | 1.2061
A=pi/20 | 2.3039 | 1.3015 | 1.9228 | 1.1170 | 2.0212 | 1.1853 | 2.0383 | 1.1554
5'1(/\) 3.3371 | 1.8896 | 2.8597 | 1.6189 | 2.6543 | 1.5229 | 2.3114 | 1.2852

3.6878 | 2.5284 | 3.4605 | 2.4036 | 3.2136 | 2.1050 | 2.1215 | 1.2183




Table 3.3 Critical value of tests, n=128
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n DAN PAR QS BAR
5% 10% 5% 10% 5% 10% 5% 10%
A=pi 2.0174 | 1.2441 | 2.0168 | 1.2260 | 2.0133 | 1.2342 | 1.9994 | 1.2352
A=pi/10 2.3182 | 1.3512 | 2.2220 | 1.2993 | 2.1812 | 1.3577 | 2.1830 | 1.2931
A=pi/20 | 2.7222 | 1.3828 | 2.2966 | 1.3086 | 2.3336 | 1.3387 | 2.3186 | 1.2806
S100) 3.3460 | 1.9160 | 2.7488 | 1.5816 | 2.7313 | 1.5211 | 2.3697 | 1.3142
Sa(A1, A2) | 3.5305 | 2.5158 | 3.4110 | 2.3309 | 3.1817 | 2.1818 | 2.0843 | 1.2176
Table 3.4 Power of tests, n=30, ¢;=0.9, ¢o=0
n DAN PAR QS BAR
5% | 10% 5% 10% 5% 10% 5% 10%
A=pi 99.60 | 99.60 | 99.60 | 99.70 | 99.60 | 99.70 | 99.60 | 99.70
A=pi/10 | 100.00 | 100.00 | 100.00 | 100.00 | 100.00 | 100.00 | 100.00 | 100.00
A=pi/20 99.80 | 99.90 | 99.80 | 99.90 | 99.70 | 100.00 | 99.70 | 100.00
S100) 99.70 | 100.00 | 99.70 | 100.00 | 99.70 | 100.00 | 99.70 | 100.00
So(A1, h2) | 99.80 | 100.00 | 99.90 | 100.00 | 99.90 | 100.00 | 100.00 | 100.00
Table 3.5 Power of tests, n1=30, ¢1=0.2, ¢o=-0.6
n DAN PAR QS BAR
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
A=pi 32.50 | 35.70 32.40. 36.30 | 31.70 | 34.20 | 26.30 | 28.30
A=pi/10 | 13.20 | 25.90 | 0.10 | 0.70 | 1.30 | 4.50 | 0.50 | 4.00
A=pi/20 | 13.70 | 27.10 | 0.20 | 1.00 | 1.40 | 3.90 | 0.80 | 4.40
91()\) 47.30 | 52.90 | 47.50 | 49.10 | 46.10 | 47.50 | 43.80 | 45.70
Sa(A1,A2) | 50.40 | 52.30 | 78.00- | 88.00 | 48.80 | 58.80 | 48.10 | 49.30




Table 3.6 Power of tests, n=64, ¢=0.2, ¢2=-0.6

152

n DAN PAR QS BAR
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
A=pi 87.60 | 89.30 | 88.50 | 90.90 | 87.20 | 89.10 | 83.80 | 85.70
A=pi/10 | 42.20 | 59.10 | 7.20 | 7.40 | 12.60 | 16.60 | 9.00 | 17.00
A=pi/20 | 42.60 | 57.00 | 2.50 | 3.20 | 8.10 | 13.60 | 6.60 | 13.90
S1(0) 91.90 | 93.00 | 91.00 | 92.40 | 90.40 | 91.80 | 89.10 | 90.40
Sy(M1,A2) | 91.80 | 93.00 | 98.70 | 99.60 | 92.00 | 95.90 | 89.60 | 90.50
Table 3.7 Power of tests, n=128, ¢;=0.2, ¢o=-0.6
n DAN PAR Qs BAR
5% 10% 5% 10% 5% 10% 5% | 10%
A=pi 99.90 | 99.90 | 99.90 | 99.90 | 99.90 | 99.90 | 99.80 | 99.80
A=pi/10 85.20 | 92.80 | 57.00 | 57.00 | 59.10 | 65.90 | 57.30 | 70.30
A=pi/20 84.30 | 91.80 | 59.30 | 59.30 | 60.60 | 66.30 | 59.40 | 75.20
S1(\) 99.90 | 99.90 | 99.90-| 99.90 | 99.90 | 99.90 | 99.80 | 99.80
Sa(A1, Az) | 100.00 | 100.00 | 100.00 | 100.00 | 100.00 | 100.00 | 99.90 | 99.90
Table 3.8 Power of tests, n=30, ¢1=0.2, ¢2=-0.9
n DAN PAR QS BAR
5% | 10% | 5% | 10% | 5% | 10% | 5% | 10%
A=pi 92.70 | 92.80 | 92.50 | 92.80  92.30 | 92.40 | 91.00 | 91.10
A=pi/10 | 43.90 | 60.40 | 0.50 | 0.80 | 22.30 | 22.50 | 4.10 | 4.30
A=pi/20 | 53.40 | 70.00 | 0.20 | 0.20 | 39.20 | 39.30 | 6.80 | 7.00
S1(N) 96.30 | 96.30 | 96.50 | 96.50 | 96.10 | 96.10 | 96.00 | 96.20
Sa(A1,A2) | 96.50 | 96.60 | 99.30 | 99.50 | 96.20 | 97.80 | 95.40 | 95.40
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CONCLUSION

Dans cette thése, nous proposons une série de statistiques de tests pour détecter la
dépendance temporelle, pour les effets ARCH et les effets ACD. Nous commengons par
développer la procédure optimale adaptative pour détecter la dépendance temporelle des
résidus. Cette procédure est basée sur les tests de Hong (1996) modifiés. Ces derniers
s’inspirent de I'idée que sous I’hypothese nulle d’absence d’autocorrélation des erreurs, la
fonction de densité spectrale normalisée basée sur un noyau fy est égale a 1/(27). Ainsi,
si la distance entre la fonction de densité spectrale normalisée basée sur un noyau f et
fo est suffisamment large, les résidus sont probablement corrélés. Et pour mesurer cette
distance, Hong a utilisé trois mesures : la norme quadratique, la métrique Hellinger, et
le critére d’information de Kullback - Leibler pour ses trois statistiques. Les avantages
des tests basés sur notre procédure optimale en comparaison avec ceux de Hong sont
les suivants : (1) Le paramétre de noyau est choisi & partir des données et non de fagon
arbitraire. Ce choix repose sur des critéres spécifiquement retenus & des fins de tests
et rend le test robuste et plus puissant. (2) Les tests sont de type adaptatifs & taux
optimaux dans le sens de Horowitz et Spokoiny (2001). (3) Ils détectent P’alternative a

la Pittman & un taux proche de n=1/2

. De plus, le fait que les statistiques des tests basés
sur la procédure optimale adaptative solent divisées par la variance minimale de toutes
les statistiques des tests augmente leur puissance. A l'aide de simulations, nous trouvons
que pour notre procédure et les tests de Hong, le choix des noyaux (autre que le noyau
tronqué) a un faible impact sur le niveau des tests. Pour tous les tests standard comme
LM, LB, BP et les tests de Hong, le choix de paramétre du noyau p, a un impact sur le
niveau et la puissance des tests. Le niveau des tests est meilleur pour un grand p, mais
la puissance de ces tests est plus élevée pour un faible p,. Donc, pour ce type de tests, il

n’y a pas de facon optimale pour choisir ce paramétre contrairement & la procédure que
p

nous proposons. Nous trouvons également que nos tests sont plus puissants que tous les
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tests standard et les tests de Hong (1996) pour tous les p, fixés et de méme que pour

un p, choisi par la procédure de Beltrdo et Bloomfield (1987).

Par la suite, nous appliquons cette procédure optimale adaptative pour détecter les effets
ARCH et les effets ACD. Par simulations, nous trouvons que pour détecter les effets
ARCH, les tests basés sur cette procédure ont un niveau raisonnable & 5% et ils sont
plus puissants que ceux de Hong (1996) pour un parametre de noyau fixe et de méme
pour un parametre de noyau choisi par la procédure de Beltrdo et Bloomfield (1987).
Une application de ces tests sur un modéle ARIMA pour le rendement quotidien de
IBM, de GM et du S&P montre une forte évidence de I'existence d’effets ARCH dans
ces modeles. Nous constatons que les statistiques basées sur la procédure optimale et la
probabilité de rejeter 'hypothése nulle de 'absence d’effet ARCH des ces statistiques
sont plus élevées que celles des autres tests. Quant aux effets ACD, les tests basés sur
notre procédure optimale montrent un petit sur-rejet & 5% tout comme les tests de Hong.
Quand D’échantillon est plus grand, la taille des tests est meilleure. Sous I’alternative
ACD(1), ACD(2), ACD(1,1), notre procédure optimale rend les tests beaucoup plus
puissants que les autres tests. Une application sur les données de durée d’IBM est aussi
faite. Nous rejetons fortement ’hypothese nulle d’effets ACD et nous constatons que les

nouvelles statistiques sont toujours beaucoup plus élevées que celles de Hong.

Tous les tests basés sur la fonction de densité spectrale utilisent toutes les fréquences
dans la bande de fréquence [—m, 7. En-pratique, nous trouvons que le sommet de la
densité spectrale d’une série peut se trouver & la fréquence zéro ou se trouver aux
fréquences du cycle économique. Pour le premier cas, si le gros de la variance se trouve
a basses fréquences, il est évident que les tests se concentrant sur les basses fréquences
peuvent étre plus puissants. Quant au deuxiéme cas, le poids de la variance autour de la
fréquence zéro est tres faible et les tests se concentrant sur les basses fréquences auront
une faible puissance. Donc, en se basant sur cette idée, nous dérivons trois nouvelles
classes de statistiques de tests. La premiere est celle des statistiques qui se concentrent

dans une bande de fréquences fixée mais choisie de fagon arbitraire. Cependant, ce genre
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de statistique se heurte au probléeme du choix de cette bande de fréquences. Si la fonction
normalisée de densité spectrale a son sommet a la fréquence zéro, les tests se concentrant
sur les basses fréquences seront plus puissants que ceux se concentrant sur les hautes
fréquences. A I’inverse, lorsque le sommet, de la fonction de densité spectrale se trouve en
dessous des fréquences du cycle économique, les tests pour les basses fréquences auront
une puissance tres faible. En pratique, la localisation du sommet est inconnue. Donc,
nous présentons deux statistiques de type supremum. La premiére classe est la classe
des statistiques qui choisissent une bande de fréquences symétriques autour de zéro de
facon & maximiser la statistique. La deuxieme classe est basée sur la méme idée que la
premiere sauf que la bande de fréquencés choisie n’est pas nécessairement symétrique
autour de zéro. La distribution de ces statistiques est inconnue mais les valeurs critiques
peuvent étre obtenues par simulations. A Daide de simulations, nous trouvons que les
tests de types supremum sont plus puissants pour détecter la dépendance temporelle
que ceux s’appliquant de la bande de fréquence [—m, 7]. Pour le cas ou le sommet du
spectre se trouve a une fréquence non zéro et dans ce dernier cas, la classe de tests de
type supremum non-symétriques a une puissance plus élevée que celle de tests de type

supremum symétriques.



